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Why metrics for mech interp?

• Optimisation. If we can measure an explanation, we can optimise for it.
• Automation. Suppose AGI arrives tomorrow — can we build a trustworthy,

automated pipeline for discovering mechanistic explanations?
• Guarantees. Mech interp could target the highest standard of trustworthiness:

formal proofs.
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Compression as a metric

A mechanistic explanation of M’s behaviour is a proof C that M achieves accuracy ≥ b.

proof length ≈ cost of running C(M) ≈ how well we understand M

• Trivial proof: vacuous bound, constant cost.
• Brute force: tight bound, exponential cost.
• Interesting proofs: tight bound at structured cost.
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Case study: Max-of-K

1-layer attention-only transformer trained to compute max(x1, . . . , xK ).

QK attends to larger tokens; OV copies them. Direct path does nothing.
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The theorem we want to prove

Ex∼Unif
[
arg max M(x)[−1] = max

i
xi

]
> .9973

• Goal: minimise proof length (in any formal system) for a fixed bound b;
or maximise b for a fixed proof length.

10/18



Brute force

def C(M):
count = 0
for x in possible_sequences:

count += (M(x)[..., -1, :].argmax(-1) == x.max(-1).values).sum()
return count / len(possible_sequences)

• Sound lower bound on accuracy (trivially).

• Cost: O(dnctx
vocab) — exponential in context length.

• No mechanistic content; no compression.
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Cubic proof — convexity of softmax

Insight. We want all attention on the max token.

• By convexity of softmax, the worst case over non-max, non-query tokens occurs at
extremes — pick the single worst token and fill.

• Reduces dnctx
vocab sequences to d3

vocab configurations.
• Cost: O(d3

vocabn2
ctx). Bound: ≈ 98.5%.
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Sub-cubic — exploit EQKE structure

EQKE is numerically low-rank and monotone in the key token.
Rank-1 / SVD approximation ⇒ O(d2

vocabn2
ctx + dvocab d2

model).
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Results: proof cost vs. tightness

Empirical Pareto frontier: more structure, less compute, looser bound.
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The full menu
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The puzzle

Why does more structure not always yield a better bound?

Compounding structureless errors in the sub-cubic regime:

Approximation strategy Slack factor Regime

(exact) max row diff ≈ 1.8 cubic
2· (max abs value) ≈ 2.0 sub-cubic
max row diff on subproduct ≈ 5.7 sub-cubic
recursive max row diff ≈ 97 sub-cubic
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What this buys mech interp

• Objective metric. Compression gives a numerical standard of understanding,
tailorable to subcomponents.

• Diagnosis. Failure to compact a proof ⇒ we are missing mechanistic structure.
• Path to scale. Auto-formalisation + error suppression (fine-tuning, sampling) push

the frontier further.
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Takeaways

• Proofs of model performance are possible — and genuinely hard.
• Shorter proof ⇔ deeper, more compressed understanding.
• Compounding structureless noise is the bottleneck; most post-hoc interp glosses

over it.
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