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How symmetry shapes abstraction 
via hierarchical beliefs
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The multi-level nature of our world 

Anderson (1972). More is different: broken symmetry and the nature of the hierarchical structure of science. Science, 177(4047), 393-396.
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The multi-level nature of our world… is it reflected in our minds? 
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The multi-level nature of our world… is it reflected in AI’s minds? 

Shai et al. (2024). Transformers represent belief state geometry in their residual stream. Advances in Neural Information Processing 
Systems, 37, 75012-75034.
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How can new laws emerge at coarse-grained levels 

The essence of software — having a macroscopic level that is ‘self-contained’.

a = 2 
b = 3 
c = a + b 
print(c) 

Key idea: there is a “logic” going on at the macro… 
                   —-> Macro interventions are sufficient to determine macro effects 
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How can new laws emerge at coarse-grained levels 

The essence of software — having a macroscopic level that is ‘self-contained’.

Information closure: Macro-inputs are sufficient to determine macro-outcomes.

a = 2 
b = 3 
c = a + b 
print(c) 

equally good prediction from micro or macro

<latexit sha1_base64="C2XyTOY+1bw2ZIFAfe9/1+56wzA=">AAAB+3icbVBNS8NAFNzUr1q/Yj16WSyCh1KSoujBQ8GLxwq2BtoQNttNu3SzCbsvYgn9K148KOLVP+LNf+O2zUFbBxaGmTe8txOmgmtwnG+rtLa+sblV3q7s7O7tH9iH1a5OMkVZhyYiUV5INBNcsg5wEMxLFSNxKNhDOL6Z+Q+PTGmeyHuYpMyPyVDyiFMCRgrsqhe4dS9o1vuDBHQdewEEds1pOHPgVeIWpIYKtAP7y4RpFjMJVBCte66Tgp8TBZwKNq30M81SQsdkyHqGShIz7efz26f41CgDHCXKPAl4rv5O5CTWehKHZjImMNLL3kz8z+tlEF35OZdpBkzSxaIoExgSPCsCD7hiFMTEEEIVN7diOiKKUDB1VUwJ7vKXV0m32XAvGs7dea11XdRRRsfoBJ0hF12iFrpFbdRBFD2hZ/SK3qyp9WK9Wx+L0ZJVZI7QH1ifP/L0kxM=</latexit>

X1, X2, . . . , Xt

<latexit sha1_base64="EMlPacWac8DYeDo06SMiM0ZdKgg=">AAAB+3icbVBNS8NAFNzUr1q/Yj16WSyCh1KSoujBQ8GLxwq2lbYhbLabdulmE3ZfxBL6V7x4UMSrf8Sb/8Ztm4O2DiwMM294bydIBNfgON9WYW19Y3OruF3a2d3bP7APy20dp4qyFo1FrB4CopngkrWAg2APiWIkCgTrBOObmd95ZErzWN7DJGFeRIaSh5wSMJJvl7u+W+369Wp/EIOu4q4Pvl1xas4ceJW4OamgHE3f/jJhmkZMAhVE657rJOBlRAGngk1L/VSzhNAxGbKeoZJETHvZ/PYpPjXKAIexMk8Cnqu/ExmJtJ5EgZmMCIz0sjcT//N6KYRXXsZlkgKTdLEoTAWGGM+KwAOuGAUxMYRQxc2tmI6IIhRMXSVTgrv85VXSrtfci5pzd15pXOd1FNExOkFnyEWXqIFuURO1EEVP6Bm9ojdrar1Y79bHYrRg5Zkj9AfW5w/8TJMZ</latexit>

Z1, Z2, . . . , Zt

Micro level

Macro level

<latexit sha1_base64="T0F0nKuDuQIX46U8qZ2FS+VbKCQ=">AAACIHicbVDLSgMxFM3UV62vqks3wSJULGVGlBZEKLixuwr2QR8MmTRtQzMPkjtCGfopbvwVNy4U0Z1+jWk7iG09cOFwzr3JvccJBFdgml9GYmV1bX0juZna2t7Z3UvvH9SUH0rKqtQXvmw4RDHBPVYFDoI1AsmI6whWd4Y3E7/+wKTivncPo4B1XNL3eI9TAlqy04VytmlbuXbXB5Vr2oCvcNOO4Mwan+JrXM42fs3GnGmnM2benAIvEysmGRSjYqc/9TM0dJkHVBClWpYZQCciEjgVbJxqh4oFhA5Jn7U09YjLVCeaHjjGJ1rp4p4vdXmAp+rfiYi4So1cR3e6BAZq0ZuI/3mtEHrFTsS9IATm0dlHvVBg8PEkLdzlklEQI00IlVzviumASEJBZ5rSIViLJy+T2nneusybdxeZUjGOI4mO0DHKIgsVUAndogqqIooe0TN6RW/Gk/FivBsfs9aEEc8cojkY3z+LX596</latexit>

I(Z1, . . . , Zt;Zt+1) = I(X1, . . . , Xt;Zt+1)

<latexit sha1_base64="Ci0xby5fq4wUWjvVN7n/jWxLt9g=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSxChVISUexGKLhxWcG2wTaEyXTSDp08mLkRSuzCX3HjQhG3/oY7/8Zpm4W2Hhg4nHMP987xE8EVWNa3sbS8srq2Xtgobm5t7+yae/stFaeSsiaNRSwdnygmeMSawEEwJ5GMhL5gbX94PfHbD0wqHkd3MEqYG5J+xANOCWjJMw/vPcBXuF92PLvS7cWgKo4Hp55ZsqrWFHiR2DkpoRwNz/zSYZqGLAIqiFId20rAzYgETgUbF7upYgmhQ9JnHU0jEjLlZtP7x/hEKz0cxFK/CPBU/Z3ISKjUKPT1ZEhgoOa9ifif10khqLkZj5IUWERni4JUYIjxpAzc45JRECNNCJVc34rpgEhCQVdW1CXY819eJK2zqn1RtW7PS/VaXkcBHaFjVEY2ukR1dIMaqIkoekTP6BW9GU/Gi/FufMxGl4w8c4D+wPj8AWZilGQ=</latexit>

Zt = g(X1, . . . , Xt)

Bertschinger et al. (2006). Information and closure in systems theory. In Proceedings of the 7th German Workshop of Artificial Life, pp. 9-21. 

Barnett and Seth (2023). Dynamical independence: discovering emergent macroscopic processes in complex dynamical systems. Physical Review 
E, 108(1), 014304.



Towards a computational understanding of emergence 

We investigate emergence using epsilon-machine, which give a representation of the data's  
underlying informational mechanisms.
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Shalizi, C. R., & Crutchfield, J. P. (2001). Computational mechanics: Pattern and prediction, structure and simplicity. Journal of statistical 
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Towards a computational understanding of emergence 

We investigate emergence using epsilon-machine, which give a representation of the data's  
underlying informational mechanisms.
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<latexit sha1_base64="aFFEVyNn+JyW7SHk2g3hoDwqK84=">AAACHHicbVDLSsNAFJ3UV62vqEs3wSJUKCXxgd0IFTfubNE+oAllMp20Q2eSMDMRSsiHuPFX3LhQxI0Lwb9x0oairQcGzpxzL/fe44aUCGma31puaXlldS2/XtjY3Nre0Xf3WiKIOMJNFNCAd1woMCU+bkoiKe6EHEPmUtx2R9ep337AXJDAv5fjEDsMDnziEQSlknr6qc2gHCJI46vksjT7NJKyfUcGDJZn0q2SwiEp8+OeXjQr5gTGIrEyUgQZ6j390+4HKGLYl4hCIbqWGUonhlwSRHFSsCOBQ4hGcIC7ivqQYeHEk+MS40gpfcMLuHq+NCbq744YMiHGzFWV6api3kvF/7xuJL2qExM/jCT20XSQF1FDBkaalNEnHCNJx4pAxIna1UBDyCGSKs+CCsGaP3mRtE4q1nnFbJwVa9Usjjw4AIegBCxwAWrgBtRBEyDwCJ7BK3jTnrQX7V37mJbmtKxnH/yB9vUDoxyhqA==</latexit>

A = (Q,⌃,O,�, r)
<latexit sha1_base64="XkVsFjF3z/xs++Wswc6LzZ2PLnA=">AAAB8nicbVBNS8NAFHypX7V+VT16CRbBU0lEsceCF48t2FpoQ9lsN+3SzW7YfRFK6M/w4kERr/4ab/4bN20O2jqwMMy8x86bMBHcoOd9O6WNza3tnfJuZW//4PCoenzSNSrVlHWoEkr3QmKY4JJ1kKNgvUQzEoeCPYbTu9x/fGLacCUfcJawICZjySNOCVqpP4gJTigRWXs+rNa8ureAu078gtSgQGtY/RqMFE1jJpEKYkzf9xIMMqKRU8HmlUFqWELolIxZ31JJYmaCbBF57l5YZeRGStsn0V2ovzcyEhszi0M7mUc0q14u/uf1U4waQcZlkiKTdPlRlAoXlZvf7464ZhTFzBJCNbdZXTohmlC0LVVsCf7qyeuke1X3b+pe+7rWbBR1lOEMzuESfLiFJtxDCzpAQcEzvMKbg86L8+58LEdLTrFzCn/gfP4Ahu6RYQ==</latexit>

Q
<latexit sha1_base64="LJBCSrAlHG9USAfLxk/vowb4aqs=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRJR7LLgxp0V7APaUCbTSTt0MhNmboQS+hluXCji1q9x5984abPQ6oGBwzn3MueeMBHcoOd9OaW19Y3NrfJ2ZWd3b/+genjUMSrVlLWpEkr3QmKY4JK1kaNgvUQzEoeCdcPpTe53H5k2XMkHnCUsiMlY8ohTglbqD2KCE0pEdjcfVmte3VvA/Uv8gtSgQGtY/RyMFE1jJpEKYkzf9xIMMqKRU8HmlUFqWELolIxZ31JJYmaCbBF57p5ZZeRGStsn0V2oPzcyEhszi0M7mUc0q14u/uf1U4waQcZlkiKTdPlRlAoXlZvf7464ZhTFzBJCNbdZXTohmlC0LVVsCf7qyX9J56LuX9W9+8tas1HUUYYTOIVz8OEamnALLWgDBQVP8AKvDjrPzpvzvhwtOcXOMfyC8/ENg+SRXw==</latexit>

O
<latexit sha1_base64="smM3ZDhX+MsZ+kGh8xaQMJok6F8=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYo4BLx4jmgckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+mfntJ6oNU/LBThIaCjyULGYEWye1evdsKHC/XPGr/hxolQQ5qUCORr/81RsokgoqLeHYmG7gJzbMsLaMcDot9VJDE0zGeEi7jkosqAmz+bVTdOaUAYqVdiUtmqu/JzIsjJmIyHUKbEdm2ZuJ/3nd1Ma1MGMySS2VZLEoTjmyCs1eRwOmKbF84ggmmrlbERlhjYl1AZVcCMHyy6ukdVENrqr+3WWlXsvjKMIJnMI5BHANdbiFBjSBwCM8wyu8ecp78d69j0VrwctnjuEPvM8faa+O/Q==</latexit>

⌃
<latexit sha1_base64="UlQyAktgAAW91HGazRtUw0xkBSs=">AAACE3icbVBNS8NAEN34WetX1KOXYBHEQ0lEsXgqePHYov2AJpTNdtsu3d2E3YlQQv+DF/+KFw+KePXizX/jps2htj4YeLw3w8y8MOZMg+v+WCura+sbm4Wt4vbO7t6+fXDY1FGiCG2QiEeqHWJNOZO0AQw4bceKYhFy2gpHt5nfeqRKs0g+wDimgcADyfqMYDBS1z734yG78QWGIcE8rU98YIJq/54NBPYhmnO6dsktu1M4y8TLSQnlqHXtb78XkURQCYRjrTueG0OQYgWMcDop+ommMSYjPKAdQyU2i4N0+tPEOTVKz+lHypQEZ6rOT6RYaD0WoenMTtSLXib+53US6FeClMk4ASrJbFE/4Q5EThaQ02OKEuBjQzBRzNzqkCFWmICJsWhC8BZfXibNi7J3VXbrl6VqJY+jgI7RCTpDHrpGVXSHaqiBCHpCL+gNvVvP1qv1YX3OWlesfOYI/YH19QuCHZ8o</latexit>

� : Q⇥ ⌃ ! Q
<latexit sha1_base64="7LdUz/WewEvIaSkiyoy/6aO1HR4=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0XoqiSiWFwV3LizRfuAJpTJdNoOnTyYuRFKyC+48VfcuFDErTt3/o2TNoi2Hhg4c8693HuPFwmuwLK+jMLK6tr6RnGztLW9s7tn7h+0VRhLylo0FKHsekQxwQPWAg6CdSPJiO8J1vEmV5nfuWdS8TC4g2nEXJ+MAj7klICW+mZFXjq3fOQTB7jPFHZ8AmNKRNJMHQh/fjdp3yxbVWsGvEzsnJRRjkbf/HQGIY19FgAVRKmebUXgJkQCp4KlJSdWLCJ0Qkasp2lA9Hg3mV2U4hOtDPAwlPoFgGfq746E+EpNfU9XZiuqRS8T//N6MQxrbsKDKAYW0PmgYSwwhDiLBw+4ZBTEVBNCJde7YjomklDQIZZ0CPbiycukfVq1z6tW86xcr+VxFNEROkYVZKMLVEfXqIFaiKIH9IRe0KvxaDwbb8b7vLRg5D2H6A+Mj293HZ4H</latexit>

r : ⌃⇥Q ! O



Understanding multi-scale computations 

Building epsilon-machines for the data at different scales… 
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What if they are nested?

Apriori these machines 
may be totally unrelated



Understanding multi-scale computations 

A macro process is computationally closed if its e-machine is homomorphic to the e-machine  
of the micro process.
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<latexit sha1_base64="QN3/ShD/Wccoz7FUQ7Gpk6cJAy4=">AAACAHicbVDLSsNAFL3xWesr6sKFm8EiuCglEV8boeDGZQX7gCaUyXTaDp1MwsxEKCEbf8WNC0Xc+hnu/BsnbRbaeuDC4Zx7ufeeIOZMacf5tpaWV1bX1ksb5c2t7Z1de2+/paJEEtokEY9kJ8CKciZoUzPNaSeWFIcBp+1gfJv77UcqFYvEg57E1A/xULABI1gbqWcfeiHWI4J52snQDfJSXA2qxMt6dsWpOVOgReIWpAIFGj37y+tHJAmp0IRjpbquE2s/xVIzwmlW9hJFY0zGeEi7hgocUuWn0wcydGKUPhpE0pTQaKr+nkhxqNQkDExnfq6a93LxP6+b6MG1nzIRJ5oKMls0SDjSEcrTQH0mKdF8YggmkplbERlhiYk2mZVNCO78y4ukdVZzL2rO/XmlflnEUYIjOIZTcOEK6nAHDWgCgQye4RXerCfrxXq3PmatS1YxcwB/YH3+AJ0jlbo=</latexit>

X = {a, b, c}
<latexit sha1_base64="9JyX2URzCRJttb6hUDGsoDECXGw=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBbBhZREfG2EghuXFewDm1Am00k7dDIJMxOhhIC/4saFIm79Dnf+jZO2C209MHA4517umRMknCntON/WwuLS8spqaa28vrG5tW3v7DZVnEpCGyTmsWwHWFHOBG1opjltJ5LiKOC0FQxvCr/1SKVisbjXo4T6Ee4LFjKCtZG69r4XYT0gmGcPObpGXuacuF7etStO1RkDzRN3SiowRb1rf3m9mKQRFZpwrFTHdRLtZ1hqRjjNy16qaILJEPdpx1CBI6r8bBw/R0dG6aEwluYJjcbq740MR0qNosBMFmHVrFeI/3mdVIdXfsZEkmoqyORQmHKkY1R0gXpMUqL5yBBMJDNZERlgiYk2jZVNCe7sl+dJ87Tqnledu7NK7WJaRwkO4BCOwYVLqMEt1KEBBDJ4hld4s56sF+vd+piMLljTnT34A+vzB9iFlLc=</latexit>

Z = {0, 1}
Micro inputs

Macro inputs

<latexit sha1_base64="KlM+5J+nG5hvTBDiOu2bABLcbII=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUoP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5oVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjrZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTcmG4C2/vEpaF1Xvquo2Liu16zyOIpzAKZyDBzdQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/gfP4AwROM3Q==</latexit>a
<latexit sha1_base64="BLecPUbJcOapEgJYmJYIAUTfduk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUCPrlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDWz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVtXFZq13kcRTiBUzgHD26gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBwpeM3g==</latexit>

b
<latexit sha1_base64="tchVe3O067DQ+Hhb8wxxW6odYIU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUYP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5oVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjrZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTcmG4C2/vEpaF1Xvquo2Liu16zyOIpzAKZyDBzdQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/gfP4AxBuM3w==</latexit>c

<latexit sha1_base64="YAR4yiI8h5JeOlOTWaWgo3AtE+c=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUcPvlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDWz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVtXFZq13kcRTiBUzgHD26gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBds+MrA==</latexit>

0
<latexit sha1_base64="ISrABLte7P6eccfsRnS4LU5I3PU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDWz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVtXFZq13kcRTiBUzgHD26gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBeFOMrQ==</latexit>

1

<latexit sha1_base64="o89PUe52WexafeNbPjl8NcCxy30=">AAACBXicbVDLSgMxFM3UV62vUZe6CBbBVZkRX7gquHFZwT6wM5RMmmlDM8mQZIQyzMaNv+LGhSJu/Qd3/o2ZdhBtPRA4Oede7r0niBlV2nG+rNLC4tLySnm1sra+sbllb++0lEgkJk0smJCdACnCKCdNTTUjnVgSFAWMtIPRVe6374lUVPBbPY6JH6EBpyHFSBupZ+8PLqEXIT3EiKWdzNPi53eX9eyqU3MmgPPELUgVFGj07E+vL3ASEa4xQ0p1XSfWfoqkppiRrOIlisQIj9CAdA3lKCLKTydXZPDQKH0YCmke13Ci/u5IUaTUOApMZb6imvVy8T+vm+jwwk8pjxNNOJ4OChMGtYB5JLBPJcGajQ1BWFKzK8RDJBHWJriKCcGdPXmetI5r7mnNuTmp1s+KOMpgDxyAI+CCc1AH16ABmgCDB/AEXsCr9Wg9W2/W+7S0ZBU9u+APrI9v3tiYyQ==</latexit>

g : X ! Z



Understanding multi-scale computations 

A macro process is computationally closed if its e-machine is homomorphic to the e-machine  
of the micro process.
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1

1 1

0
0

0

<latexit sha1_base64="aFFEVyNn+JyW7SHk2g3hoDwqK84=">AAACHHicbVDLSsNAFJ3UV62vqEs3wSJUKCXxgd0IFTfubNE+oAllMp20Q2eSMDMRSsiHuPFX3LhQxI0Lwb9x0oairQcGzpxzL/fe44aUCGma31puaXlldS2/XtjY3Nre0Xf3WiKIOMJNFNCAd1woMCU+bkoiKe6EHEPmUtx2R9ep337AXJDAv5fjEDsMDnziEQSlknr6qc2gHCJI46vksjT7NJKyfUcGDJZn0q2SwiEp8+OeXjQr5gTGIrEyUgQZ6j390+4HKGLYl4hCIbqWGUonhlwSRHFSsCOBQ4hGcIC7ivqQYeHEk+MS40gpfcMLuHq+NCbq744YMiHGzFWV6api3kvF/7xuJL2qExM/jCT20XSQF1FDBkaalNEnHCNJx4pAxIna1UBDyCGSKs+CCsGaP3mRtE4q1nnFbJwVa9Usjjw4AIegBCxwAWrgBtRBEyDwCJ7BK3jTnrQX7V37mJbmtKxnH/yB9vUDoxyhqA==</latexit>

A = (Q,⌃,O,�, r)

<latexit sha1_base64="SkBdscw7c5M1e4FRQ6SvEeBVA6E=">AAACInicbVDLSsNAFJ3UV62vqEs3wSKpUEoiinUhVNy4s0X7gCaUyXTSDp08mJkIJeRb3Pgrblwo6krwY5y0UbT1wDBnzrmXufc4ISVcGMaHkltYXFpeya8W1tY3NrfU7Z0WDyKGcBMFNGAdB3JMiY+bggiKOyHD0HMobjujy9Rv32HGSeDfinGIbQ8OfOISBIWUeuqZ5UExRJDGF4l+Xvp5NRK9bN2QgQfl/S1ep2I4JHqZ6Yc9tWhUjAm0eWJmpAgy1Hvqm9UPUORhXyAKOe+aRijsGDJBEMVJwYo4DiEawQHuSupDD3M7nqyYaAdS6WtuwOTxhTZRf3fE0ON87DmyMp2Wz3qp+J/XjYRbtWPih5HAPpp+5EZUE4GW5qX1CcNI0LEkEDEiZ9XQEDKIhEy1IEMwZ1eeJ62jinlSMRrHxVo1iyMP9sA+KAETnIIauAJ10AQI3INH8AxelAflSXlV3qelOSXr2QV/oHx+AUb0os4=</latexit>

A
0 = (Q0,⌃0,O0,�0, r0)

if there are surjective mappings 
<latexit sha1_base64="QWP95TsuxIUYSm2iP4yGoz79BwQ=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1hEVyURxeKq4MZlRXuBJpTJdJIOnUuYmYgl9FXcuFDErS/izrdx2mahrT8MfPznHM6ZP0oZ1cbzvp2V1bX1jc3SVnl7Z3dv3z2otLXMFCYtLJlU3QhpwqggLUMNI91UEcQjRjrR6GZa7zwSpakUD2ackpCjRNCYYmSs1XcryXVwTxOOAiPncNp3q17Nmwkug19AFRRq9t2vYCBxxokwmCGte76XmjBHylDMyKQcZJqkCI9QQnoWBeJEh/ns9gk8sc4AxlLZJwycub8ncsS1HvPIdnJkhnqxNjX/q/UyE9fDnIo0M0Tg+aI4Y9BIOA0CDqgi2LCxBYQVtbdCPEQKYWPjKtsQ/MUvL0P7vOZf1ry7i2qjXsRRAkfgGJwBH1yBBrgFTdACGDyBZ/AK3pyJ8+K8Ox/z1hWnmDkEf+R8/gBgfZP6</latexit>

g : ⌃ ! ⌃0 <latexit sha1_base64="dSI0VSEVlxeDxh6ii6bU8xAP5KY=">AAACBXicbVDLSsNAFJ34rPUVdamLYBFdlUQUi6uCG5ct2Ac0oUym03boZCbM3AgldOPGX3HjQhG3/oM7/8ZJm0VtPTBw5px7ufeeMOZMg+v+WCura+sbm4Wt4vbO7t6+fXDY1DJRhDaI5FK1Q6wpZ4I2gAGn7VhRHIWctsLRXea3HqnSTIoHGMc0iPBAsD4jGIzUtU+Gt36EYUgwT+sTH+Tc77xrl9yyO4WzTLyclFCOWtf+9nuSJBEVQDjWuuO5MQQpVsAIp5Oin2gaYzLCA9oxVOCI6iCdXjFxzozSc/pSmSfAmarzHSmOtB5HoanMdtSLXib+53US6FeClIk4ASrIbFA/4Q5IJ4vE6TFFCfCxIZgoZnZ1yBArTMAEVzQheIsnL5PmZdm7Lrv1q1K1ksdRQMfoFF0gD92gKrpHNdRABD2hF/SG3q1n69X6sD5npStW3nOE/sD6+gXaGJjD</latexit>

h : Q ! Q0

<latexit sha1_base64="FDEEa6PSX8TYzaDIME93+K63uxA=">AAACGHicbVDLSsNAFJ34rPUVdelmsIgplJqIYjdCwY3LCvYBTSiT6aQZOnk4MxFK6Ge48VfcuFDEbXf+jZM0C209cOHMOfcy9x43ZlRI0/zWVlbX1jc2S1vl7Z3dvX394LAjooRj0sYRi3jPRYIwGpK2pJKRXswJClxGuu74NvO7T4QLGoUPchITJ0CjkHoUI6mkgX7u2y4dGXbsU0PUHqvZqwpvYCac5dbIENWabxTWQK+YdTMHXCZWQSqgQGugz+xhhJOAhBIzJETfMmPppIhLihmZlu1EkBjhMRqRvqIhCohw0vywKTxVyhB6EVcVSpirvydSFAgxCVzVGSDpi0UvE//z+on0Gk5KwziRJMTzj7yEQRnBLCU4pJxgySaKIMyp2hViH3GEpcqyrEKwFk9eJp2LunVVN+8vK81GEUcJHIMTYAALXIMmuAMt0AYYPINX8A4+tBftTfvUvuatK1oxcwT+QJv9AHgenX0=</latexit>

h
�
�(s, q)

�
= �0�g(s), h(q)

�

<latexit sha1_base64="2khGAm9IIWY02db6Ccts4SOUSq0=">AAACEXicbVDLSsNAFJ34rPUVdelmsEgTKCURxW4KBTcuK9gHtCFMppN26OQ1MxFK6C+48VfcuFDErTt3/o3TNgttPTBwOOdc7tzjxYwKaVnf2tr6xubWdmGnuLu3f3CoHx23RZRyTFo4YhHvekgQRkPSklQy0o05QYHHSMcb38z8zgPhgkbhvZzExAnQMKQ+xUgqydUNbohyJSmbsA77Io3dbGgIs660kZGY9aQ8hSpRSUxXL1lVaw64SuyclECOpqt/9QcRTgMSSsyQED3biqWTIS4pZmRa7KeCxAiP0ZD0FA1RQISTzS+awnOlDKAfcfVCCefq74kMBUJMAk8lAyRHYtmbif95vVT6NSejYZxKEuLFIj9lUEZwVg8cUE6wZBNFEOZU/RXiEeIIS1ViUZVgL5+8StoXVfuqat1dlhq1vI4COAVnwAA2uAYNcAuaoAUweATP4BW8aU/ai/aufSyia1o+cwL+QPv8ARDVmf4=</latexit>

r(s0, q0) = sup
g(s)=s0,h(q)=q0

r(s, q)

such that

Automata homomorphism

<latexit sha1_base64="QN3/ShD/Wccoz7FUQ7Gpk6cJAy4=">AAACAHicbVDLSsNAFL3xWesr6sKFm8EiuCglEV8boeDGZQX7gCaUyXTaDp1MwsxEKCEbf8WNC0Xc+hnu/BsnbRbaeuDC4Zx7ufeeIOZMacf5tpaWV1bX1ksb5c2t7Z1de2+/paJEEtokEY9kJ8CKciZoUzPNaSeWFIcBp+1gfJv77UcqFYvEg57E1A/xULABI1gbqWcfeiHWI4J52snQDfJSXA2qxMt6dsWpOVOgReIWpAIFGj37y+tHJAmp0IRjpbquE2s/xVIzwmlW9hJFY0zGeEi7hgocUuWn0wcydGKUPhpE0pTQaKr+nkhxqNQkDExnfq6a93LxP6+b6MG1nzIRJ5oKMls0SDjSEcrTQH0mKdF8YggmkplbERlhiYk2mZVNCO78y4ukdVZzL2rO/XmlflnEUYIjOIZTcOEK6nAHDWgCgQye4RXerCfrxXq3PmatS1YxcwB/YH3+AJ0jlbo=</latexit>

X = {a, b, c}
<latexit sha1_base64="9JyX2URzCRJttb6hUDGsoDECXGw=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBbBhZREfG2EghuXFewDm1Am00k7dDIJMxOhhIC/4saFIm79Dnf+jZO2C209MHA4517umRMknCntON/WwuLS8spqaa28vrG5tW3v7DZVnEpCGyTmsWwHWFHOBG1opjltJ5LiKOC0FQxvCr/1SKVisbjXo4T6Ee4LFjKCtZG69r4XYT0gmGcPObpGXuacuF7etStO1RkDzRN3SiowRb1rf3m9mKQRFZpwrFTHdRLtZ1hqRjjNy16qaILJEPdpx1CBI6r8bBw/R0dG6aEwluYJjcbq740MR0qNosBMFmHVrFeI/3mdVIdXfsZEkmoqyORQmHKkY1R0gXpMUqL5yBBMJDNZERlgiYk2jZVNCe7sl+dJ87Tqnledu7NK7WJaRwkO4BCOwYVLqMEt1KEBBDJ4hld4s56sF+vd+piMLljTnT34A+vzB9iFlLc=</latexit>

Z = {0, 1}
Micro inputs

Macro inputs

<latexit sha1_base64="KlM+5J+nG5hvTBDiOu2bABLcbII=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUoP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5oVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjrZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTcmG4C2/vEpaF1Xvquo2Liu16zyOIpzAKZyDBzdQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/gfP4AwROM3Q==</latexit>a
<latexit sha1_base64="BLecPUbJcOapEgJYmJYIAUTfduk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUCPrlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDWz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVtXFZq13kcRTiBUzgHD26gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBwpeM3g==</latexit>

b
<latexit sha1_base64="tchVe3O067DQ+Hhb8wxxW6odYIU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUYP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5oVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjrZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTcmG4C2/vEpaF1Xvquo2Liu16zyOIpzAKZyDBzdQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/gfP4AxBuM3w==</latexit>c

<latexit sha1_base64="YAR4yiI8h5JeOlOTWaWgo3AtE+c=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUcPvlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDWz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVtXFZq13kcRTiBUzgHD26gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBds+MrA==</latexit>

0
<latexit sha1_base64="ISrABLte7P6eccfsRnS4LU5I3PU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDWz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVtXFZq13kcRTiBUzgHD26gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBeFOMrQ==</latexit>

1

<latexit sha1_base64="o89PUe52WexafeNbPjl8NcCxy30=">AAACBXicbVDLSgMxFM3UV62vUZe6CBbBVZkRX7gquHFZwT6wM5RMmmlDM8mQZIQyzMaNv+LGhSJu/Qd3/o2ZdhBtPRA4Oede7r0niBlV2nG+rNLC4tLySnm1sra+sbllb++0lEgkJk0smJCdACnCKCdNTTUjnVgSFAWMtIPRVe6374lUVPBbPY6JH6EBpyHFSBupZ+8PLqEXIT3EiKWdzNPi53eX9eyqU3MmgPPELUgVFGj07E+vL3ASEa4xQ0p1XSfWfoqkppiRrOIlisQIj9CAdA3lKCLKTydXZPDQKH0YCmke13Ci/u5IUaTUOApMZb6imvVy8T+vm+jwwk8pjxNNOJ4OChMGtYB5JLBPJcGajQ1BWFKzK8RDJBHWJriKCcGdPXmetI5r7mnNuTmp1s+KOMpgDxyAI+CCc1AH16ABmgCDB/AEXsCr9Wg9W2/W+7S0ZBU9u+APrI9v3tiYyQ==</latexit>

g : X ! Z



Understanding multi-scale computations 

A macro process is computationally closed if its e-machine is homomorphic to the e-machine  
of the micro process.
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a) b)

Macro level

Coarse-graining

Meso level

Coarse-graining

Micro level

Macro

Meso

Micro

Key idea:
Computational closure guarantees  
the equivalence of coarse-graining  

data or ‘theories’ 



Understanding multi-scale computations 

A macro process is computationally closed if its e-machine is homomorphic to the e-machine  
of the micro process.
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a) b)

Macro level

Coarse-graining

Meso level

Coarse-graining

Micro level

Macro

Meso

Micro



• Probability of walking:  
• Within cluster connectivity: 
• Between cluster connectivity:

Example: Random walk over a modular network 

System is described by 
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Size= 25 Size= 9

D

C

E

B

A

<latexit sha1_base64="kn1fveHDRnY5Sf1DZnj6rm0DLyI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Koko9ljw4rEF+wFtKJvtpF272cTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+W9mSToR3QoecgZNVZqPPZLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LivedcVtXJVr1TyOApzCGVyABzdQgzuoQxMYIDzDK7w5D86L8+58LFrXnHzmBP7A+fwB2e2M7w==</latexit>q
<latexit sha1_base64="0mqMwrdLIIPLoKcnVp/pDxa9jns=">AAAB8XicbVBNS8NAEN34WetX1aOXxSJ4Koko9ljw4rGC/cA2lM120i7dbMLuRC2h/8KLB0W8+m+8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk41hwaPZazbATMghYIGCpTQTjSwKJDQCkbXU7/1ANqIWN3hOAE/YgMlQsEZWule97oIT5g9TnqlsltxZ6DLxMtJmeSo90pf3X7M0wgUcsmM6Xhugn7GNAouYVLspgYSxkdsAB1LFYvA+Nns4gk9tUqfhrG2pZDO1N8TGYuMGUeB7YwYDs2iNxX/8zophlU/EypJERSfLwpTSTGm0/dpX2jgKMeWMK6FvZXyIdOMow2paEPwFl9eJs3zindZcW8vyrVqHkeBHJMTckY8ckVq5IbUSYNwosgzeSVvjnFenHfnY9664uQzR+QPnM8fMUmROQ==</latexit>rw

<latexit sha1_base64="dXzmG2Mq/IKp68FXszOZ8yjlQec=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lEsceCF48V7Ae2oWy2k3bpZhN2J2IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFAqaKFBCJ9HAokBCOxjfzPz2I2gjYnWPkwT8iA2VCAVnaKUH3e8hPGEWTPvlilt156CrxMtJheRo9MtfvUHM0wgUcsmM6Xpugn7GNAouYVrqpQYSxsdsCF1LFYvA+Nn84ik9s8qAhrG2pZDO1d8TGYuMmUSB7YwYjsyyNxP/87ophjU/EypJERRfLApTSTGms/fpQGjgKCeWMK6FvZXyEdOMow2pZEPwll9eJa2LqndVde8uK/VaHkeRnJBTck48ck3q5JY0SJNwosgzeSVvjnFenHfnY9FacPKZY/IHzucPEWCRJA==</latexit>rb

Micro

Meso

Macro

Three levels of description:

• Micro – which node. 
• Meso – which community. 
• Macro – which size of community.

The computation that leads to the next  
state can be described hierarchically!
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Theory: The lattice of emergent processes 
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Real space Theory space

All coarse-grainings
Causally closed

processes
Strongly lumpable

ω-machines
Informationally

Theorem:  
Information/causal closure implies computational closure

Rosas et al. (2024). Software in the natural world: A computational approach to hierarchical emergence. arXiv preprint arXiv:2402.09090.



Thermodynamic and neural examples 
• Ehrenfest diffusion model  
    n particles diffusing with probability q 
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The dynamics of the number  
of particles in left chamber is  

computationally closed

Rosas et al. (2024). Software in the natural world: A computational approach to hierarchical emergence. arXiv preprint arXiv:2402.09090.



Thermodynamic and neural examples 

• Hopfield networks 
RNN that models memory retrieval 
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Z1
t

Z2
t

Z3
t

Z4
t

Z5
t

Zt = (Z1
t , Z

2
t , Z

3
t , Z

4
t , Z

5
t )

Macro

Micro

The dynamics of the dot products  
determine which memory is retrieved
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Application: Natural abstractions in transformers (ongoing) 

Scenario:  

• Generate data from a multi-scale process. 

• Use it to train transformers of various sizes.

Size= 25 Size= 9

D

C

E

B

A

Conjecture — Small transformers will naturally find 
                           computationally closed levels…

Epochs Epochs

Large transformer Small transformer

Project supported  
by PIBBSS

Transformer seem to naturally find 
computationally closed levels



Interim summary 
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✦  Hierarchical emergence highlight scales that are computationally autonomous. 

✦  Computationally closed levels are amenable to efficient controllability and simulations. 

✦  Hierarchical emergence is common in statistical mechanics and computational 
neuroscience models. 

✦  Transformers seem to naturally identify computationally closed levels.
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Alexander Boyd 
(University of Sussex, BITS)

Manuel Baltieri 
(Araya)

Work developed in synergistic collaboration with :

Work supported by the ARIA’s Safeguraded AI and PIBBSS affiliateship programs.

PIBBSS

Rosas, Boyd and Baltieri, “AI in a vat: Fundamental limits of efficient world modelling for agent sandboxing and interpretability,” in 
Reinforcement Learning Journal, vol. 6, pp. 2844–2881, Aug. 2025.
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AI sandboxing   

Scenario:  

• An AI system needs testing before deployment 

• There is a probabilistic model of the world available for sandboxing 

Perception

EnvironmentAgent

Action
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AI sandboxing   

Scenario:  

Reasons to do better: 

• The model may be too detailed (e.g. a physical model of the whole planet) 

• Agent may not “see” some resolution (e.g. classical agents cannot see quantum) 

• The agent may only interact with a corner of the world (e.g. a bacteria)

• An AI system needs testing before deployment 

• There is a probabilistic model of the world available for sandboxing 
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Thought experiment: Brain in a Vat 

How can one distinguish between reality and a simulation? 

• Plato’s allegory of the cave, The Republic, (~375 BC) 
• Zhuangzi’s butterfly dream (circa 476-221 BC)  
• Decartes’ evil demon, Meditations (1641) 
• Hilary Putnam, Brains in a vat (1981) 
• The Matrix (1999)
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Thought experiment: Brain in a Vat 

How can one distinguish between reality and a simulation? 

Key insight (“AI in a vat” approach): 
          —> Forget about the world, and focus on how inputs turn into outputs (the interface) 
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Thought experiment: Brain in a Vat 

How can one distinguish between reality and a simulation? 

Key insight (“AI in a vat” approach): 
          —> Forget about the world, and focus on how inputs turn into outputs (the interface) 

How can we best simulate an interface? (computational goal) 

Can we characterise what can be learned through it? (epistemic goal) 
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Formal foundations 

The interface of an agent                     is a collection of conditional distributions                     
turning sequences  of actions into outcomes, satisfying                                               . 

<latexit sha1_base64="VqAPaJEVLmZ7bsVb+Mtc+i7ldDE=">AAACD3icbZC9TsMwFIWd8lfKX4CBgcWiQipLlSAQFVMlFsYi0VKpjSLHdVurthPZDlIU8hA8AyvMbIiVR2DkTXDaDLTlSJY+nXuv7vUJIkaVdpxvq7Syura+Ud6sbG3v7O7Z+wcdFcYSkzYOWSi7AVKEUUHammpGupEkiAeMPASTm7z+8EikoqG410lEPI5Ggg4pRtpYvn0U1foBh4mfXuvsKUdkMDvz7apTd6aCy+AWUAWFWr790x+EOOZEaMyQUj3XibSXIqkpZiSr9GNFIoQnaER6BgXiRHnp9AMZPDXOAA5DaZ7QcOr+nUgRVyrhgenkSI/VYi03/6v1Yj1seCkVUayJwLNFw5hBHcI8DTigkmDNEgMIS2puhXiMJMLaZDa3JeCZycRdTGAZOud197Lu3F1Um40inTI4BiegBlxwBZrgFrRAG2CQgRfwCt6sZ+vd+rA+Z60lq5g5BHOyvn4B066cZA==</latexit>

p(y:t|a:)
<latexit sha1_base64="kvvN7U1YqHNnqSoCiPHhtpA4D5Y=">AAACKnicbZDLSgMxFIYzXmu9jbp0EyxCuykzRbEIQsGNywr2Am0pmTRtQ5OZITkjDOO8hw/hM7jVtbviSvBBTC8LezkQ+Pj/czgnvxcKrsFxxtbG5tb2zm5mL7t/cHh0bJ+c1nUQKcpqNBCBanpEM8F9VgMOgjVDxYj0BGt4o/uJ33hmSvPAf4I4ZB1JBj7vc0rASF27FObbnsRxN7mF9GWCxGBawHd4rQNpoWvnnKIzLbwK7hxyaF7Vrv3T7gU0kswHKojWLdcJoZMQBZwKlmbbkWYhoSMyYC2DPpFMd5Lp31J8aZQe7gfKPB/wVP0/kRCpdSw90ykJDPWyNxHXea0I+uVOwv0wAubT2aJ+JDAEeBIU7nHFKIjYAKGKm1sxHRJFKJg4F7Z4MjWZuMsJrEK9VHSvi87jVa5SnqeTQefoAuWRi25QBT2gKqohil7RO/pAn9ab9WWNre9Z64Y1nzlDC2X9/gGRL6am</latexit>

p(y:t|a:) = p(y:t|a:t)

<latexit sha1_base64="DuwZprn8zfrdw1tz1+axVEyXy0o=">AAACEHicbVC7TsMwFHXKq5RXgAWJxaJCKkuVIBAdi1hgKxJ9oCaqHNdprdpJZDtIVQgfwTewwsyGWPkDRv4Ep81AW45k6+ice3XvPV7EqFSW9W0UlpZXVteK66WNza3tHXN3ryXDWGDSxCELRcdDkjAakKaiipFOJAjiHiNtb3SV+e0HIiQNgzs1jojL0SCgPsVIaalnHjgcqSFGLLlJK47H4f1j9l+e9MyyVbUmgIvEzkkZ5Gj0zB+nH+KYk0BhhqTs2lak3AQJRTEjacmJJYkQHqEB6WoaIE6km0wuSOGxVvrQD4V+gYIT9W9HgriUY+7pymxfOe9l4n9eN1Z+zU1oEMWKBHg6yI8ZVCHM4oB9KghWbKwJwoLqXSEeIoGw0qHNTPF4qjOx5xNYJK3Tqn1etW7PyvVank4RHIIjUAE2uAB1cA0aoAkweAIv4BW8Gc/Gu/FhfE5LC0besw9mYHz9AlO6nJ8=</latexit>

I(Y |A)

Perception

Agent

Action

World

<latexit sha1_base64="CGhrEyrtQTZhLfiwVbHdQJIP4WA=">AAACCXicbVDLSsNAFL2pr1pfqS7dDBahgpSkKnZZcOOygq2FNoTJdNoOnUzCzEQpoV/gN7jVtTtx61e49E+ctlnY1gMHDufcy72cIOZMacf5tnJr6xubW/ntws7u3v6BXTxsqSiRhDZJxCPZDrCinAna1Exz2o4lxWHA6UMwupnmD49UKhaJez2OqRfigWB9RrA2lm8Xy9h3zrHvGlYNL858u+RUnBnQqnAzUYIMDd/+6fYikoRUaMKxUh3XibWXYqkZ4XRS6CaKxpiM8IB2jBQ4pMpLZ69P0KlxeqgfSUOh0cz9u5HiUKlxGJjJEOuhWs6m5n9ZJ9H9mpcyESeaCjI/1E840hGa9oB6TFKi+dgITCQzvyIyxBITbdpauBKEE9OJu9zAqmhVK+5Vxbm7LNVrWTt5OIYTKIML11CHW2hAEwg8wQu8wpv1bL1bH9bnfDRnZTtHsADr6xf8l5iA</latexit>

(a0, a1, a2, a3)

<latexit sha1_base64="32QuogCqaqEUa7sEjIBPdJ9Jda8=">AAACCXicbVDLSsNAFJ3UV62vVJduBotQQUpSFbssuHFZwdZCG8JkOmmHzkzCzEQJoV/gN7jVtTtx61e49E+ctlnY1gMHDufcy72cIGZUacf5tgpr6xubW8Xt0s7u3v6BXT7sqCiRmLRxxCLZDZAijArS1lQz0o0lQTxg5CEY30zzh0ciFY3EvU5j4nE0FDSkGGlj+Xa5mvrOeeq7hnXDizPfrjg1Zwa4KtxcVECOlm//9AcRTjgRGjOkVM91Yu1lSGqKGZmU+okiMcJjNCQ9IwXiRHnZ7PUJPDXOAIaRNBQazty/GxniSqU8MJMc6ZFazqbmf1kv0WHDy6iIE00Enh8KEwZ1BKc9wAGVBGuWGoGwpOZXiEdIIqxNWwtXAj4xnbjLDayKTr3mXtWcu8tKs5G3UwTH4ARUgQuuQRPcghZoAwyewAt4BW/Ws/VufVif89GCle8cgQVYX7+XJpjg</latexit>

(y0, y1, y2, y3)
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Formal foundations 

The interface of an agent                     is a collection of conditional distributions                     
turning sequences  of actions into outcomes, satisfying                                               . 

<latexit sha1_base64="VqAPaJEVLmZ7bsVb+Mtc+i7ldDE=">AAACD3icbZC9TsMwFIWd8lfKX4CBgcWiQipLlSAQFVMlFsYi0VKpjSLHdVurthPZDlIU8hA8AyvMbIiVR2DkTXDaDLTlSJY+nXuv7vUJIkaVdpxvq7Syura+Ud6sbG3v7O7Z+wcdFcYSkzYOWSi7AVKEUUHammpGupEkiAeMPASTm7z+8EikoqG410lEPI5Ggg4pRtpYvn0U1foBh4mfXuvsKUdkMDvz7apTd6aCy+AWUAWFWr790x+EOOZEaMyQUj3XibSXIqkpZiSr9GNFIoQnaER6BgXiRHnp9AMZPDXOAA5DaZ7QcOr+nUgRVyrhgenkSI/VYi03/6v1Yj1seCkVUayJwLNFw5hBHcI8DTigkmDNEgMIS2puhXiMJMLaZDa3JeCZycRdTGAZOud197Lu3F1Um40inTI4BiegBlxwBZrgFrRAG2CQgRfwCt6sZ+vd+rA+Z60lq5g5BHOyvn4B066cZA==</latexit>

p(y:t|a:)
<latexit sha1_base64="kvvN7U1YqHNnqSoCiPHhtpA4D5Y=">AAACKnicbZDLSgMxFIYzXmu9jbp0EyxCuykzRbEIQsGNywr2Am0pmTRtQ5OZITkjDOO8hw/hM7jVtbviSvBBTC8LezkQ+Pj/czgnvxcKrsFxxtbG5tb2zm5mL7t/cHh0bJ+c1nUQKcpqNBCBanpEM8F9VgMOgjVDxYj0BGt4o/uJ33hmSvPAf4I4ZB1JBj7vc0rASF27FObbnsRxN7mF9GWCxGBawHd4rQNpoWvnnKIzLbwK7hxyaF7Vrv3T7gU0kswHKojWLdcJoZMQBZwKlmbbkWYhoSMyYC2DPpFMd5Lp31J8aZQe7gfKPB/wVP0/kRCpdSw90ykJDPWyNxHXea0I+uVOwv0wAubT2aJ+JDAEeBIU7nHFKIjYAKGKm1sxHRJFKJg4F7Z4MjWZuMsJrEK9VHSvi87jVa5SnqeTQefoAuWRi25QBT2gKqohil7RO/pAn9ab9WWNre9Z64Y1nzlDC2X9/gGRL6am</latexit>

p(y:t|a:) = p(y:t|a:t)

<latexit sha1_base64="DuwZprn8zfrdw1tz1+axVEyXy0o=">AAACEHicbVC7TsMwFHXKq5RXgAWJxaJCKkuVIBAdi1hgKxJ9oCaqHNdprdpJZDtIVQgfwTewwsyGWPkDRv4Ep81AW45k6+ice3XvPV7EqFSW9W0UlpZXVteK66WNza3tHXN3ryXDWGDSxCELRcdDkjAakKaiipFOJAjiHiNtb3SV+e0HIiQNgzs1jojL0SCgPsVIaalnHjgcqSFGLLlJK47H4f1j9l+e9MyyVbUmgIvEzkkZ5Gj0zB+nH+KYk0BhhqTs2lak3AQJRTEjacmJJYkQHqEB6WoaIE6km0wuSOGxVvrQD4V+gYIT9W9HgriUY+7pymxfOe9l4n9eN1Z+zU1oEMWKBHg6yI8ZVCHM4oB9KghWbKwJwoLqXSEeIoGw0qHNTPF4qjOx5xNYJK3Tqn1etW7PyvVank4RHIIjUAE2uAB1cA0aoAkweAIv4BW8Gc/Gu/FhfE5LC0besw9mYHz9AlO6nJ8=</latexit>

I(Y |A)
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A0, A1, A2, A3, . . .
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Y0, Y1, Y2, Y3, . . .
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Formal foundations 

The interface of an agent                     is a collection of conditional distributions                     
turning sequences  of actions into outcomes, satisfying                                               . 

A Markov world model for a given interface                     is another collection of distributions                     
corresponding to an auxiliary process leading to the following factorisation: 
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S0
<latexit sha1_base64="HMEo5UGRlBy+RuuYRI1ACrzs/5U=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8dIzAOSJcxOepMhs7PLzKwQlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzUaPS9frniVt05yCrxclKBHPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPUzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa2LqndVdR8uK7XrPI4inMApnIMHN1CDe6hDExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDQ+Y1z</latexit>

S1
<latexit sha1_base64="nLrlhEaJ603r9pG4RYv3r8yVyGk=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xjw4jES84BkCbOT3mTI7OwyMyuEJZ/gxYMiXv0ib/6Nk2QPmljQUFR1090VJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WjmSToR3QoecgZNVZqNPrVfqnsVtw5yCrxclKGHPV+6as3iFkaoTRMUK27npsYP6PKcCZwWuylGhPKxnSIXUsljVD72fzUKTm3yoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPUzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2naEPwll9eJa1qxbuquA+X5dp1HkcBTuEMLsCDG6jBPdShCQyG8Ayv8OYI58V5dz4WrWtOPnMCf+B8/gDSfY10</latexit>

S2
<latexit sha1_base64="gfuhOBk8GyD8QOuBg9WbhLHBIYo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6Pga8eIzEPCBZwuxkNhkyO7vM9AphySd48aCIV7/Im3/jJNmDRgsaiqpuuruCRAqDrvvlFFZW19Y3ipulre2d3b3y/kHLxKlmvMliGetOQA2XQvEmCpS8k2hOo0DydjC+nfntR66NiNUDThLuR3SoRCgYRSs1Gv3zfrniVt05yF/i5aQCOer98mdvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmJVQYkjLUthWSu/pzIaGTMJApsZ0RxZJa9mfif100xvPEzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85Zf/ktZZ1busuvcXldpVHkcRjuAYTsGDa6jBHdShCQyG8AQv8OpI59l5c94XrQUnnzmEX3A+vgHUAY11</latexit>

S3

<latexit sha1_base64="eGRx8awOura32QVG2gSfNhU987A=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8eI5iHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/VbT6g0j+WDGSfoR3QgecgZNVa6f+y5vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t6dV2qXeRxFOIJjOAUPrqAGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AHYmY14</latexit>

Y0
<latexit sha1_base64="16AK0wRpyfjAhIrockso/Awocc0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8eI5iHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbTS/WPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6dV2qXeRxFOIJjOAUPrqAGt1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AHaHY15</latexit>

Y1
<latexit sha1_base64="XOcNmObYDnLX6nldISv71/rEt8Q=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xjw4jGieUiyhNnJbDJkdnaZ6RXCkk/w4kERr36RN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFrp/rFX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindRce/Oy7XLPI4CHMMJnIEHV1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AHboY16</latexit>

Y2
<latexit sha1_base64="6Z9gNi3iBcnSZ+bKgm0gMGLjIyY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6Pga8eIxoHpIsYXbSmwyZnV1mZoWw5BO8eFDEq1/kzb9xkuxBowUNRVU33V1BIrg2rvvlFJaWV1bXiuuljc2t7Z3y7l5Tx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaPrqd96RKV5LO/NOEE/ogPJQ86osdLdQ++0V664VXcG8pd4OalAjnqv/NntxyyNUBomqNYdz02Mn1FlOBM4KXVTjQllIzrAjqWSRqj9bHbqhBxZpU/CWNmShszUnxMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTsiF4iy//Jc2TqndedW/PKrWLPI4iHMAhHIMHl1CDG6hDAxgM4Ale4NURzrPz5rzPWwtOPrMPv+B8fAPdJY17</latexit>

Y3

<latexit sha1_base64="3i400Oud/fy7uA1s8c0oXwsVzi0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PEi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSw03P7ZUrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6fV2qXeRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AG0CY1g</latexit>

A0
<latexit sha1_base64="KUWWlsdWjaRc6s71EbmKQ0CCzwc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PEi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSw03P65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6fV2qXeRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AG1jY1h</latexit>

A1
<latexit sha1_base64="Bagk0F5cRg8Svqcq5JIgCsxP9nY=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xjx4jGieUCyhNlJbzJkdnaZmRXCkk/w4kERr36RN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis93PSqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindRce/Py7XLPI4CHMMJnIEHV1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AG3EY1i</latexit>

A2
<latexit sha1_base64="1C/NMCPh5W0wlkjTs6ifqgyB3fo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6Pka8eIxoHpAsYXYymwyZnV1meoWw5BO8eFDEq1/kzb9xkuxBowUNRVU33V1BIoVB1/1yCkvLK6trxfXSxubW9k55d69p4lQz3mCxjHU7oIZLoXgDBUreTjSnUSB5KxjdTP3WI9dGxOoBxwn3IzpQIhSMopXur3unvXLFrbozkL/Ey0kFctR75c9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZAjq/RJGGtbCslM/TmR0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy//Jc2Tqndede/OKrWLPI4iHMAhHIMHl1CDW6hDAxgM4Ale4NWRzrPz5rzPWwtOPrMPv+B8fAO4lY1j</latexit>

A3
<latexit sha1_base64="SOJBYcTljxMO6QieairlWbCDFBk=">AAAB/nicbVDLSgMxFL1TX7W+RsWVm2ARXJQyU5/LFjcuK9gHtMOQSdM2NJMZkoxQhoK/4saFIm79Dnf+jWk7C209cOBwzr3k5gQxZ0o7zreVW1ldW9/Ibxa2tnd29+z9g6aKEklog0Q8ku0AK8qZoA3NNKftWFIcBpy2gtHtNG89UqlYJB70OKZeiAeC9RnB2li+fVTznVLNdw0rhuelbi/SyreLTtmZAS0LNxNFyFD37S+zR5KQCk04VqrjOrH2Uiw1I5xOCt1E0RiTER7QjpECh1R56ez8CTo1Tg/1I2koNJq5vzdSHCo1DgMzGWI9VIvZ1Pwv6yS6f+OlTMSJpoLMH+onHOkITbtAPSYp0XxsBCaSmVsRGWKJiTaNFUwJ7uKXl0WzUnYvy879RbF6ldWRh2M4gTNw4RqqcAd1aACBFJ7hFd6sJ+vFerc+5qM5K9s5hD+wPn8A6uSTgQ==</latexit>

A0, A1, A2, A3, . . .

<latexit sha1_base64="3FKfao+acHqKb9cFKnJhnHhJCCo=">AAAB/nicbVDLSgMxFL1TX7W+RsWVm2ARXJQyU5/LghuXFeyLdhgyadqGZjJDkhHKUPBX3LhQxK3f4c6/MW1noa0HDhzOuZfcnCDmTGnH+bZyK6tr6xv5zcLW9s7unr1/0FBRIgmtk4hHshVgRTkTtK6Z5rQVS4rDgNNmMLqd5s1HKhWLxIMex9QL8UCwPiNYG8u3j9q+U2r7rmHF8LzU7UVa+XbRKTszoGXhZqIIGWq+/WX2SBJSoQnHSnVcJ9ZeiqVmhNNJoZsoGmMywgPaMVLgkCovnZ0/QafG6aF+JA2FRjP390aKQ6XGYWAmQ6yHajGbmv9lnUT3b7yUiTjRVJD5Q/2EIx2haReoxyQlmo+NwEQycysiQywx0aaxginBXfzysmhUyu5l2bm/KFavsjrycAwncAYuXEMV7qAGdSCQwjO8wpv1ZL1Y79bHfDRnZTuH8AfW5w+Bs5Ph</latexit>

Y0, Y1, Y2, Y3, . . .

<latexit sha1_base64="QVKkqqzWzmxl8y/oHSi4KfTxXeI="></latexit>

p(y:ts:t+1|a:) = p(s0)
tY

⌧=0

⌧ (y⌧ , s⌧+1|a⌧ , st)
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Formal foundations 

The interface of an agent                     is a collection of conditional distributions                     
turning sequences  of actions into outcomes, satisfying                                               . 

A Markov world model for a given interface                     is another collection of distributions                     
corresponding to an auxiliary process leading to the following factorisation: 
                    

Markov world models correspond to transducer: stochastic automata                                 with states 
in     ,  inputs      , outputs      , and a Markov kernel                         .  

<latexit sha1_base64="VqAPaJEVLmZ7bsVb+Mtc+i7ldDE=">AAACD3icbZC9TsMwFIWd8lfKX4CBgcWiQipLlSAQFVMlFsYi0VKpjSLHdVurthPZDlIU8hA8AyvMbIiVR2DkTXDaDLTlSJY+nXuv7vUJIkaVdpxvq7Syura+Ud6sbG3v7O7Z+wcdFcYSkzYOWSi7AVKEUUHammpGupEkiAeMPASTm7z+8EikoqG410lEPI5Ggg4pRtpYvn0U1foBh4mfXuvsKUdkMDvz7apTd6aCy+AWUAWFWr790x+EOOZEaMyQUj3XibSXIqkpZiSr9GNFIoQnaER6BgXiRHnp9AMZPDXOAA5DaZ7QcOr+nUgRVyrhgenkSI/VYi03/6v1Yj1seCkVUayJwLNFw5hBHcI8DTigkmDNEgMIS2puhXiMJMLaZDa3JeCZycRdTGAZOud197Lu3F1Um40inTI4BiegBlxwBZrgFrRAG2CQgRfwCt6sZ+vd+rA+Z60lq5g5BHOyvn4B066cZA==</latexit>

p(y:t|a:)
<latexit sha1_base64="kvvN7U1YqHNnqSoCiPHhtpA4D5Y=">AAACKnicbZDLSgMxFIYzXmu9jbp0EyxCuykzRbEIQsGNywr2Am0pmTRtQ5OZITkjDOO8hw/hM7jVtbviSvBBTC8LezkQ+Pj/czgnvxcKrsFxxtbG5tb2zm5mL7t/cHh0bJ+c1nUQKcpqNBCBanpEM8F9VgMOgjVDxYj0BGt4o/uJ33hmSvPAf4I4ZB1JBj7vc0rASF27FObbnsRxN7mF9GWCxGBawHd4rQNpoWvnnKIzLbwK7hxyaF7Vrv3T7gU0kswHKojWLdcJoZMQBZwKlmbbkWYhoSMyYC2DPpFMd5Lp31J8aZQe7gfKPB/wVP0/kRCpdSw90ykJDPWyNxHXea0I+uVOwv0wAubT2aJ+JDAEeBIU7nHFKIjYAKGKm1sxHRJFKJg4F7Z4MjWZuMsJrEK9VHSvi87jVa5SnqeTQefoAuWRi25QBT2gKqohil7RO/pAn9ab9WWNre9Z64Y1nzlDC2X9/gGRL6am</latexit>

p(y:t|a:) = p(y:t|a:t)

<latexit sha1_base64="DuwZprn8zfrdw1tz1+axVEyXy0o=">AAACEHicbVC7TsMwFHXKq5RXgAWJxaJCKkuVIBAdi1hgKxJ9oCaqHNdprdpJZDtIVQgfwTewwsyGWPkDRv4Ep81AW45k6+ice3XvPV7EqFSW9W0UlpZXVteK66WNza3tHXN3ryXDWGDSxCELRcdDkjAakKaiipFOJAjiHiNtb3SV+e0HIiQNgzs1jojL0SCgPsVIaalnHjgcqSFGLLlJK47H4f1j9l+e9MyyVbUmgIvEzkkZ5Gj0zB+nH+KYk0BhhqTs2lak3AQJRTEjacmJJYkQHqEB6WoaIE6km0wuSOGxVvrQD4V+gYIT9W9HgriUY+7pymxfOe9l4n9eN1Z+zU1oEMWKBHg6yI8ZVCHM4oB9KghWbKwJwoLqXSEeIoGw0qHNTPF4qjOx5xNYJK3Tqn1etW7PyvVank4RHIIjUAE2uAB1cA0aoAkweAIv4BW8Gc/Gu/FhfE5LC0besw9mYHz9AlO6nJ8=</latexit>

I(Y |A)

<latexit sha1_base64="DuwZprn8zfrdw1tz1+axVEyXy0o=">AAACEHicbVC7TsMwFHXKq5RXgAWJxaJCKkuVIBAdi1hgKxJ9oCaqHNdprdpJZDtIVQgfwTewwsyGWPkDRv4Ep81AW45k6+ice3XvPV7EqFSW9W0UlpZXVteK66WNza3tHXN3ryXDWGDSxCELRcdDkjAakKaiipFOJAjiHiNtb3SV+e0HIiQNgzs1jojL0SCgPsVIaalnHjgcqSFGLLlJK47H4f1j9l+e9MyyVbUmgIvEzkkZ5Gj0zB+nH+KYk0BhhqTs2lak3AQJRTEjacmJJYkQHqEB6WoaIE6km0wuSOGxVvrQD4V+gYIT9W9HgriUY+7pymxfOe9l4n9eN1Z+zU1oEMWKBHg6yI8ZVCHM4oB9KghWbKwJwoLqXSEeIoGw0qHNTPF4qjOx5xNYJK3Tqn1etW7PyvVank4RHIIjUAE2uAB1cA0aoAkweAIv4BW8Gc/Gu/FhfE5LC0besw9mYHz9AlO6nJ8=</latexit>

I(Y |A)
<latexit sha1_base64="s4ch2rLlyAcG5TwD4DTnlMEAN5w=">AAACD3icbZC9TsMwFIWd8lfKX4CBgcWiQipLlSAQFVMlFsYi0VKpjSLHdVqrthPZDlIV8hA8AyvMbIiVR2DkTXDaDLTlSJY+nXuv7vUJYkaVdpxvq7Syura+Ud6sbG3v7O7Z+wcdFSUSkzaOWCS7AVKEUUHammpGurEkiAeMPATjm7z+8EikopG415OYeBwNBQ0pRtpYvn0U1/oBh8pPr3X2lOPIYHbm21Wn7kwFl8EtoAoKtXz7pz+IcMKJ0JghpXquE2svRVJTzEhW6SeKxAiP0ZD0DArEifLS6QcyeGqcAQwjaZ7QcOr+nUgRV2rCA9PJkR6pxVpu/lfrJTpseCkVcaKJwLNFYcKgjmCeBhxQSbBmEwMIS2puhXiEJMLaZDa3JeCZycRdTGAZOud197Lu3F1Um40inTI4BiegBlxwBZrgFrRAG2CQgRfwCt6sZ+vd+rA+Z60lq5g5BHOyvn4B1QScZQ==</latexit>

p(s:t|h:)

<latexit sha1_base64="QVKkqqzWzmxl8y/oHSi4KfTxXeI="></latexit>

p(y:ts:t+1|a:) = p(s0)
tY

⌧=0

⌧ (y⌧ , s⌧+1|a⌧ , st)

<latexit sha1_base64="FEcmhMdgRKx9e0OFcz3q1R/J07c=">AAACJnicbZDLSgMxFIYz9VbrbdSlm2ARKpQyI4pdVty4rGgv0pZyJk3b0MxMSDJCGfoWPoTP4FbX7kTc6ZuYtoP04g+Bj/+cwzn5PcGZ0o7zZaVWVtfWN9Kbma3tnd09e/+gqsJIElohIQ9l3QNFOQtoRTPNaV1ICr7Hac0bXI/rtUcqFQuDez0UtOVDL2BdRkAbq20Xck0fdJ8Aj+9G+T++muEHwwMQAvLitG1nnYIzEV4GN4EsSlRu2z/NTkginwaacFCq4TpCt2KQmhFOR5lmpKgAMoAebRgMwKeqFU/+NcInxungbijNCzSeuLMTMfhKDX3PdI6PVYu1sflfrRHpbrEVs0BEmgZkuqgbcaxDPA4Jd5ikRPOhASCSmVsx6YMEok2Uc1s8f2QycRcTWIbqWcG9KDi359lSMUknjY7QMcohF12iErpBZVRBBD2hF/SK3qxn6936sD6nrSkrmTlEc7K+fwGe3qZY</latexit>

(S,A,Y,, p)
<latexit sha1_base64="LwN8jqbfTfcQ/J36Cb2jDDb6Cl8=">AAACAXicbVDLSgMxFL3js9ZX1aWbYBFclRlR7LLgxmVF+4DpUDJppg3NJEOSEcrQld/gVtfuxK1f4tI/MdPOwrYeCBzOuZd7csKEM21c99tZW9/Y3Nou7ZR39/YPDitHx20tU0Voi0guVTfEmnImaMsww2k3URTHIaedcHyb+50nqjST4tFMEhrEeChYxAg2VvJ7MTYjgnn2MO1Xqm7NnQGtEq8gVSjQ7Fd+egNJ0pgKQzjW2vfcxAQZVoYRTqflXqppgskYD6lvqcAx1UE2izxF51YZoEgq+4RBM/XvRoZjrSdxaCfziHrZy8X/PD81UT3ImEhSQwWZH4pSjoxE+f/RgClKDJ9YgoliNisiI6wwMbalhSthnHfiLTewStqXNe+65t5fVRv1op0SnMIZXIAHN9CAO2hCCwhIeIFXeHOenXfnw/mcj645xc4JLMD5+gVsJZf5</latexit>

S
<latexit sha1_base64="dOMmPJI5cDzNy8ar7eNXMmR+TSg=">AAACAXicbVDLSgMxFL3js9ZX1aWbYBFclRlR7LLixmUF+4DpUDJppg3NJEOSEcrQld/gVtfuxK1f4tI/MdPOwrYeCBzOuZd7csKEM21c99tZW9/Y3Nou7ZR39/YPDitHx20tU0Voi0guVTfEmnImaMsww2k3URTHIaedcHyX+50nqjST4tFMEhrEeChYxAg2VvJ7MTYjgnl2O+1Xqm7NnQGtEq8gVSjQ7Fd+egNJ0pgKQzjW2vfcxAQZVoYRTqflXqppgskYD6lvqcAx1UE2izxF51YZoEgq+4RBM/XvRoZjrSdxaCfziHrZy8X/PD81UT3ImEhSQwWZH4pSjoxE+f/RgClKDJ9YgoliNisiI6wwMbalhSthnHfiLTewStqXNe+65j5cVRv1op0SnMIZXIAHN9CAe2hCCwhIeIFXeHOenXfnw/mcj645xc4JLMD5+gVPvZfn</latexit>

A
<latexit sha1_base64="tKI5kQR3K99olvWml5K2Q6/ZOJQ=">AAACAXicbVBNSwMxFHxbv2r9qnr0EiyCp7Irij0WvHisYFtlu5Rsmm1Dk82SZIWy9ORv8Kpnb+LVX+LRf2K23YNtHQgMM+/xJhMmnGnjut9OaW19Y3OrvF3Z2d3bP6geHnW0TBWhbSK5VA8h1pSzmLYNM5w+JIpiEXLaDcc3ud99okozGd+bSUIDgYcxixjBxkp+T2AzIphnj9N+tebW3RnQKvEKUoMCrX71pzeQJBU0NoRjrX3PTUyQYWUY4XRa6aWaJpiM8ZD6lsZYUB1ks8hTdGaVAYqksi82aKb+3ciw0HoiQjuZR9TLXi7+5/mpiRpBxuIkNTQm80NRypGRKP8/GjBFieETSzBRzGZFZIQVJsa2tHAlFHkn3nIDq6RzUfeu6u7dZa3ZKNopwwmcwjl4cA1NuIUWtIGAhBd4hTfn2Xl3PpzP+WjJKXaOYQHO1y91nZf/</latexit>Y

<latexit sha1_base64="Gcba9G5LW++EzaviBrnsou4P4BA=">AAACD3icbVDLSsNAFJ3UV62vqAsXboJFqFBKIopdFty4rGAf0IRyM5m0QycPZiZCiPkIv8Gtrt2JWz/BpX/itM3Cth64cDjnXu69x40ZFdI0v7XS2vrG5lZ5u7Kzu7d/oB8edUWUcEw6OGIR77sgCKMh6UgqGenHnEDgMtJzJ7dTv/dIuKBR+CDTmDgBjELqUwxSSUP9xJ5AHEMtrduSMo9kIn+CurgY6lWzYc5grBKrIFVUoD3Uf2wvwklAQokZCDGwzFg6GXBJMSN5xU4EiQFPYEQGioYQEOFkswdy41wpnuFHXFUojZn6dyKDQIg0cFVnAHIslr2p+J83SKTfdDIaxokkIZ4v8hNmyMiYpmF4lBMsWaoIYE7VrQYeAwcsVWYLW9wgV5lYywmsku5lw7pumPdX1VazSKeMTtEZqiEL3aAWukNt1EEY5egFvaI37Vl71z60z3lrSStmjtECtK9fiv6c1Q==</latexit>

(y, s̃|a, s)

Time

A0
<latexit sha1_base64="KgtjLS8eQTSRRpUoxP8kc4Mjd8Y=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHixWNF+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WjmSToR3QoecgZNVZ6uOm7/VLZrbhzkFXi5aQMORr90ldvELM0QmmYoFp3PTcxfkaV4UzgtNhLNSaUjekQu5ZKGqH2s/mpU3JulQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NWPMzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2naEPwll9eJa1qxbusVO+vyvVaHkcBTuEMLsCDa6jDHTSgCQyG8Ayv8OYI58V5dz4WrWtOPnMCf+B8/gC0n41i</latexit>

S0
<latexit sha1_base64="5VfzQ/Kd4aj6vJymPBtah+YHZhQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWOl9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHstHM03Qj+hI8pAzaqzUbA7cQansVtwFyDrxclKGHI1B6as/jFkaoTRMUK17npsYP6PKcCZwVuynGhPKJnSEPUsljVD72eLUGbm0ypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmrPkZl0lqULLlojAVxMRk/jcZcoXMiKkllClubyVsTBVlxqZTtCF4qy+vk3a14l1Xqg835Xotj6MA53ABV+DBLdThHhrQAgYjeIZXeHOE8+K8Ox/L1g0nnzmDP3A+fwDQC410</latexit>

S1
<latexit sha1_base64="F4nrEdrLpyuHo9yQ9PM4EzPNkPY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWOl9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHstHM03Qj+hI8pAzaqzUbA68QansVtwFyDrxclKGHI1B6as/jFkaoTRMUK17npsYP6PKcCZwVuynGhPKJnSEPUsljVD72eLUGbm0ypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmrPkZl0lqULLlojAVxMRk/jcZcoXMiKkllClubyVsTBVlxqZTtCF4qy+vk3a14l1Xqg835Xotj6MA53ABV+DBLdThHhrQAgYjeIZXeHOE8+K8Ox/L1g0nnzmDP3A+fwDRj411</latexit> S2

<latexit sha1_base64="mKxoU0xE3d/CFVDnTTWtzpOgNtI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWOl9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsbm1vbObmGvuH9weHRcOjltmzjVjLdYLGPdDajhUijeQoGSdxPNaRRI3gkmd3O/88S1EbF6xGnC/YiOlAgFo2ilZnNQHZTKbsVdgKwTLydlyNEYlL76w5ilEVfIJDWm57kJ+hnVKJjks2I/NTyhbEJHvGepohE3frY4dUYurTIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6KYc3PhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2naEPwVl9eJ+1qxbuuVB9uyvVaHkcBzuECrsCDW6jDPTSgBQxG8Ayv8OZI58V5dz6WrRtOPnMGf+B8/gDTE412</latexit>

A1
<latexit sha1_base64="J3p4GgwQc6fhHOfEsWCCccYDDTg=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHixWNF+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WjmSToR3QoecgZNVZ6uOl7/VLZrbhzkFXi5aQMORr90ldvELM0QmmYoFp3PTcxfkaV4UzgtNhLNSaUjekQu5ZKGqH2s/mpU3JulQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NWPMzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2naEPwll9eJa1qxbusVO+vyvVaHkcBTuEMLsCDa6jDHTSgCQyG8Ayv8OYI58V5dz4WrWtOPnMCf+B8/gC2I41j</latexit>

Y0
<latexit sha1_base64="dv1qVxpqMm1y9wMzVIr+KjMd/pI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWNF+yFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/PbT6g0j+WDmSToR3QoecgZNVa6f+y7/VLZrbhzkFXi5aQMORr90ldvELM0QmmYoFp3PTcxfkaV4UzgtNhLNSaUjekQu5ZKGqH2s/mpU3JulQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NWPMzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2naEPwll9eJa1qxbusVO+uyvVaHkcBTuEMLsCDa6jDLTSgCQyG8Ayv8OYI58V5dz4WrWtOPnMCf+B8/gDZL416</latexit>

Y1
<latexit sha1_base64="3qT1QNLJoBSXnU/JQHvsYmZsFZc=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWNF+yFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/PbT6g0j+WDmSToR3QoecgZNVa6f+x7/VLZrbhzkFXi5aQMORr90ldvELM0QmmYoFp3PTcxfkaV4UzgtNhLNSaUjekQu5ZKGqH2s/mpU3JulQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NWPMzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2naEPwll9eJa1qxbusVO+uyvVaHkcBTuEMLsCDa6jDLTSgCQyG8Ayv8OYI58V5dz4WrWtOPnMCf+B8/gDas417</latexit>
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Properties of transducers 

• Trivial transducers                      <—>   Memoryless interfaces 

• Fully observability                      <—>   Markov interfaces 

<latexit sha1_base64="jXx2H2dwzwjF93fXVsEYY8/SVm0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8dIzAOSJcxOZpMhs7PLTK8QlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXkEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GdzO//cS1EbF6xEnC/YgOlQgFo2ilRqPv9ssVt+rOQVaJl5MK5Kj3y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NbPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqndVdR8uK7XrPI4inMApnIMHN1CDe6hDExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gDPdY1y</latexit>

S0
<latexit sha1_base64="HMEo5UGRlBy+RuuYRI1ACrzs/5U=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8dIzAOSJcxOepMhs7PLzKwQlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzUaPS9frniVt05yCrxclKBHPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPUzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa2LqndVdR8uK7XrPI4inMApnIMHN1CDe6hDExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDQ+Y1z</latexit>

S1
<latexit sha1_base64="nLrlhEaJ603r9pG4RYv3r8yVyGk=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xjw4jES84BkCbOT3mTI7OwyMyuEJZ/gxYMiXv0ib/6Nk2QPmljQUFR1090VJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WjmSToR3QoecgZNVZqNPrVfqnsVtw5yCrxclKGHPV+6as3iFkaoTRMUK27npsYP6PKcCZwWuylGhPKxnSIXUsljVD72fzUKTm3yoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPUzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2naEPwll9eJa1qxbuquA+X5dp1HkcBTuEMLsCDG6jBPdShCQyG8Ayv8OYI58V5dz4WrWtOPnMCf+B8/gDSfY10</latexit>

S2
<latexit sha1_base64="gfuhOBk8GyD8QOuBg9WbhLHBIYo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6Pga8eIzEPCBZwuxkNhkyO7vM9AphySd48aCIV7/Im3/jJNmDRgsaiqpuuruCRAqDrvvlFFZW19Y3ipulre2d3b3y/kHLxKlmvMliGetOQA2XQvEmCpS8k2hOo0DydjC+nfntR66NiNUDThLuR3SoRCgYRSs1Gv3zfrniVt05yF/i5aQCOer98mdvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmJVQYkjLUthWSu/pzIaGTMJApsZ0RxZJa9mfif100xvPEzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85Zf/ktZZ1busuvcXldpVHkcRjuAYTsGDa6jBHdShCQyG8AQv8OpI59l5c94XrQUnnzmEX3A+vgHUAY11</latexit>

S3

<latexit sha1_base64="eGRx8awOura32QVG2gSfNhU987A=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8eI5iHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/VbT6g0j+WDGSfoR3QgecgZNVa6f+y5vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t6dV2qXeRxFOIJjOAUPrqAGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AHYmY14</latexit>

Y0
<latexit sha1_base64="16AK0wRpyfjAhIrockso/Awocc0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8eI5iHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbTS/WPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6dV2qXeRxFOIJjOAUPrqAGt1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AHaHY15</latexit>

Y1
<latexit sha1_base64="XOcNmObYDnLX6nldISv71/rEt8Q=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xjw4jGieUiyhNnJbDJkdnaZ6RXCkk/w4kERr36RN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFrp/rFX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindRce/Oy7XLPI4CHMMJnIEHV1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AHboY16</latexit>

Y2
<latexit sha1_base64="6Z9gNi3iBcnSZ+bKgm0gMGLjIyY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6Pga8eIxoHpIsYXbSmwyZnV1mZoWw5BO8eFDEq1/kzb9xkuxBowUNRVU33V1BIrg2rvvlFJaWV1bXiuuljc2t7Z3y7l5Tx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaPrqd96RKV5LO/NOEE/ogPJQ86osdLdQ++0V664VXcG8pd4OalAjnqv/NntxyyNUBomqNYdz02Mn1FlOBM4KXVTjQllIzrAjqWSRqj9bHbqhBxZpU/CWNmShszUnxMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTsiF4iy//Jc2TqndedW/PKrWLPI4iHMAhHIMHl1CDG6hDAxgM4Ale4NURzrPz5rzPWwtOPrMPv+B8fAPdJY17</latexit>

Y3

<latexit sha1_base64="3i400Oud/fy7uA1s8c0oXwsVzi0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PEi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSw03P7ZUrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6fV2qXeRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AG0CY1g</latexit>

A0
<latexit sha1_base64="KUWWlsdWjaRc6s71EbmKQ0CCzwc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PEi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSw03P65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6fV2qXeRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AG1jY1h</latexit>

A1
<latexit sha1_base64="Bagk0F5cRg8Svqcq5JIgCsxP9nY=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xjx4jGieUCyhNlJbzJkdnaZmRXCkk/w4kERr36RN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis93PSqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindRce/Py7XLPI4CHMMJnIEHV1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AG3EY1i</latexit>

A2
<latexit sha1_base64="1C/NMCPh5W0wlkjTs6ifqgyB3fo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6Pka8eIxoHpAsYXYymwyZnV1meoWw5BO8eFDEq1/kzb9xkuxBowUNRVU33V1BIoVB1/1yCkvLK6trxfXSxubW9k55d69p4lQz3mCxjHU7oIZLoXgDBUreTjSnUSB5KxjdTP3WI9dGxOoBxwn3IzpQIhSMopXur3unvXLFrbozkL/Ey0kFctR75c9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZAjq/RJGGtbCslM/TmR0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy//Jc2Tqndede/OKrWLPI4iHMAhHIMHl1CDW6hDAxgM4Ale4NWRzrPz5rzPWwtOPrMPv+B8fAO4lY1j</latexit>

A3
<latexit sha1_base64="SOJBYcTljxMO6QieairlWbCDFBk=">AAAB/nicbVDLSgMxFL1TX7W+RsWVm2ARXJQyU5/LFjcuK9gHtMOQSdM2NJMZkoxQhoK/4saFIm79Dnf+jWk7C209cOBwzr3k5gQxZ0o7zreVW1ldW9/Ibxa2tnd29+z9g6aKEklog0Q8ku0AK8qZoA3NNKftWFIcBpy2gtHtNG89UqlYJB70OKZeiAeC9RnB2li+fVTznVLNdw0rhuelbi/SyreLTtmZAS0LNxNFyFD37S+zR5KQCk04VqrjOrH2Uiw1I5xOCt1E0RiTER7QjpECh1R56ez8CTo1Tg/1I2koNJq5vzdSHCo1DgMzGWI9VIvZ1Pwv6yS6f+OlTMSJpoLMH+onHOkITbtAPSYp0XxsBCaSmVsRGWKJiTaNFUwJ7uKXl0WzUnYvy879RbF6ldWRh2M4gTNw4RqqcAd1aACBFJ7hFd6sJ+vFerc+5qM5K9s5hD+wPn8A6uSTgQ==</latexit>

A0, A1, A2, A3, . . .

<latexit sha1_base64="3FKfao+acHqKb9cFKnJhnHhJCCo=">AAAB/nicbVDLSgMxFL1TX7W+RsWVm2ARXJQyU5/LghuXFeyLdhgyadqGZjJDkhHKUPBX3LhQxK3f4c6/MW1noa0HDhzOuZfcnCDmTGnH+bZyK6tr6xv5zcLW9s7unr1/0FBRIgmtk4hHshVgRTkTtK6Z5rQVS4rDgNNmMLqd5s1HKhWLxIMex9QL8UCwPiNYG8u3j9q+U2r7rmHF8LzU7UVa+XbRKTszoGXhZqIIGWq+/WX2SBJSoQnHSnVcJ9ZeiqVmhNNJoZsoGmMywgPaMVLgkCovnZ0/QafG6aF+JA2FRjP390aKQ6XGYWAmQ6yHajGbmv9lnUT3b7yUiTjRVJD5Q/2EIx2haReoxyQlmo+NwEQycysiQywx0aaxginBXfzysmhUyu5l2bm/KFavsjrycAwncAYuXEMV7qAGdSCQwjO8wpv1ZL1Y79bHfDRnZTuH8AfW5w+Bs5Ph</latexit>

Y0, Y1, Y2, Y3, . . .

<latexit sha1_base64="+kLYA7D0shg/cblh10mS2vFWG1I=">AAAB+3icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsReh4MVjRdMW2lA22027dHcTdjdCCfkNXvXsTbz6Yzz6T9y2Odjqg4HHezPMzAsTzrRx3S+ntLa+sblV3q7s7O7tH1QPj9o6ThWhPol5rLoh1pQzSX3DDKfdRFEsQk474eR25neeqNIslo9mmtBA4JFkESPYWMl/GJgbd1CtuXV3DvSXeAWpQYHWoPrdH8YkFVQawrHWPc9NTJBhZRjhNK/0U00TTCZ4RHuWSiyoDrL5sTk6s8oQRbGyJQ2aq78nMiy0norQdgpsxnrVm4n/eb3URI0gYzJJDZVksShKOTIxmn2OhkxRYvjUEkwUs7ciMsYKE2PzWdoSitxm4q0m8Je0L+reVd29v6w1G0U6ZTiBUzgHD66hCXfQAh8IMHiGF3h1cufNeXc+Fq0lp5g5hiU4nz/enpTP</latexit>

St = 0

<latexit sha1_base64="uvf4uSJSLy0VQAVki1Ra4BM/7YQ="></latexit>

p(y:t|a:) =
tY

⌧=0

p(y⌧ |a⌧ )

<latexit sha1_base64="8aWLOQ7YbCKbdmeYTEvH9udzwrk=">AAAB/XicbVA9SwNBEN2LXzF+RS1tFoNgFe5EMY0QsLGMaD4kOY69zV6yZHfv2J0TwhH8DbZa24mtv8XSf+ImucJEHww83pthZl6YCG7Adb+cwsrq2vpGcbO0tb2zu1feP2iZONWUNWksYt0JiWGCK9YEDoJ1Es2IDAVrh6Prqd9+ZNrwWN3DOGG+JAPFI04JWKl9F8DVQwBBueJW3RnwX+LlpIJyNILyd68f01QyBVQQY7qem4CfEQ2cCjYp9VLDEkJHZMC6lioimfGz2bkTfGKVPo5ibUsBnqm/JzIijRnL0HZKAkOz7E3F/7xuClHNz7hKUmCKzhdFqcAQ4+nvuM81oyDGlhCqub0V0yHRhIJNaGFLKCc2E285gb+kdVb1Lqru7XmlXsvTKaIjdIxOkYcuUR3doAZqIopG6Bm9oFfnyXlz3p2PeWvByWcO0QKczx+5P5Xf</latexit>

St = Yt

<latexit sha1_base64="mO7ar5GQoT8dwTXP5OsFKSEInu8=">AAACK3icbZDLSsNAFIYnXmu9RV26GSxCi1ISLyiCUHDjsoJVoS1hMp22Q2eSMHMihJgH8SF8Bre6dqW4ceF7OK0BtfXAwMf/n8M58/uR4Boc59Wamp6ZnZsvLBQXl5ZXVu219SsdxoqyBg1FqG58opngAWsAB8FuIsWI9AW79gdnQ//6linNw+ASkoi1JekFvMspASN59n5UTrwUdtzsruVLbPgEst0hEu+kgk/xj29M2CUeVDy75FSdUeFJcHMoobzqnv3R6oQ0liwAKojWTdeJoJ0SBZwKlhVbsWYRoQPSY02DAZFMt9PR5zK8bZQO7obKvADwSP09kRKpdSJ90ykJ9PW4NxT/85oxdI/bKQ+iGFhAvxd1Y4EhxMOkcIcrRkEkBghV3NyKaZ8oQsHk+WeLLzOTiTuewCRc7VXdw6pzcVCqHefpFNAm2kJl5KIjVEPnqI4aiKJ79Iie0LP1YL1Yb9b7d+uUlc9soD9lfX4BadSmdg==</latexit>

p(yt+1|y:t,a:) = p(yt+1|yt, at)

Transducers capture the memory of interfaces!
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Different types of transducers 

<latexit sha1_base64="jXx2H2dwzwjF93fXVsEYY8/SVm0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8dIzAOSJcxOZpMhs7PLTK8QlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXkEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GdzO//cS1EbF6xEnC/YgOlQgFo2ilRqPv9ssVt+rOQVaJl5MK5Kj3y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NbPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqndVdR8uK7XrPI4inMApnIMHN1CDe6hDExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gDPdY1y</latexit>

S0
<latexit sha1_base64="HMEo5UGRlBy+RuuYRI1ACrzs/5U=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8dIzAOSJcxOepMhs7PLzKwQlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzUaPS9frniVt05yCrxclKBHPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPUzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa2LqndVdR8uK7XrPI4inMApnIMHN1CDe6hDExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDQ+Y1z</latexit>

S1

<latexit sha1_base64="eGRx8awOura32QVG2gSfNhU987A=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8eI5iHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/VbT6g0j+WDGSfoR3QgecgZNVa6f+y5vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t6dV2qXeRxFOIJjOAUPrqAGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AHYmY14</latexit>

Y0
<latexit sha1_base64="16AK0wRpyfjAhIrockso/Awocc0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8eI5iHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbTS/WPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6dV2qXeRxFOIJjOAUPrqAGt1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AHaHY15</latexit>

Y1

<latexit sha1_base64="3i400Oud/fy7uA1s8c0oXwsVzi0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PEi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSw03P7ZUrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6fV2qXeRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AG0CY1g</latexit>

A0
<latexit sha1_base64="KUWWlsdWjaRc6s71EbmKQ0CCzwc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PEi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSw03P65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6fV2qXeRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AG1jY1h</latexit>

A1

<latexit sha1_base64="jXx2H2dwzwjF93fXVsEYY8/SVm0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8dIzAOSJcxOZpMhs7PLTK8QlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXkEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GdzO//cS1EbF6xEnC/YgOlQgFo2ilRqPv9ssVt+rOQVaJl5MK5Kj3y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NbPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqndVdR8uK7XrPI4inMApnIMHN1CDe6hDExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gDPdY1y</latexit>

S0
<latexit sha1_base64="HMEo5UGRlBy+RuuYRI1ACrzs/5U=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8dIzAOSJcxOepMhs7PLzKwQlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzUaPS9frniVt05yCrxclKBHPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPUzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa2LqndVdR8uK7XrPI4inMApnIMHN1CDe6hDExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDQ+Y1z</latexit>

S1

<latexit sha1_base64="eGRx8awOura32QVG2gSfNhU987A=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8eI5iHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/VbT6g0j+WDGSfoR3QgecgZNVa6f+y5vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t6dV2qXeRxFOIJjOAUPrqAGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AHYmY14</latexit>

Y0
<latexit sha1_base64="16AK0wRpyfjAhIrockso/Awocc0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8eI5iHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbTS/WPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6dV2qXeRxFOIJjOAUPrqAGt1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AHaHY15</latexit>

Y1

<latexit sha1_base64="3i400Oud/fy7uA1s8c0oXwsVzi0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PEi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSw03P7ZUrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6fV2qXeRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AG0CY1g</latexit>

A0
<latexit sha1_base64="KUWWlsdWjaRc6s71EbmKQ0CCzwc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PEi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSw03P65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6fV2qXeRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AG1jY1h</latexit>

A1

<latexit sha1_base64="jXx2H2dwzwjF93fXVsEYY8/SVm0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8dIzAOSJcxOZpMhs7PLTK8QlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXkEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GdzO//cS1EbF6xEnC/YgOlQgFo2ilRqPv9ssVt+rOQVaJl5MK5Kj3y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NbPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqndVdR8uK7XrPI4inMApnIMHN1CDe6hDExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gDPdY1y</latexit>

S0
<latexit sha1_base64="HMEo5UGRlBy+RuuYRI1ACrzs/5U=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8dIzAOSJcxOepMhs7PLzKwQlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzUaPS9frniVt05yCrxclKBHPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPUzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa2LqndVdR8uK7XrPI4inMApnIMHN1CDe6hDExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDQ+Y1z</latexit>

S1

<latexit sha1_base64="eGRx8awOura32QVG2gSfNhU987A=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8eI5iHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/VbT6g0j+WDGSfoR3QgecgZNVa6f+y5vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t6dV2qXeRxFOIJjOAUPrqAGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AHYmY14</latexit>

Y0
<latexit sha1_base64="16AK0wRpyfjAhIrockso/Awocc0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8eI5iHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbTS/WPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6dV2qXeRxFOIJjOAUPrqAGt1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AHaHY15</latexit>

Y1

<latexit sha1_base64="3i400Oud/fy7uA1s8c0oXwsVzi0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PEi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSw03P7ZUrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6fV2qXeRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AG0CY1g</latexit>

A0
<latexit sha1_base64="KUWWlsdWjaRc6s71EbmKQ0CCzwc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PEi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSw03P65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6fV2qXeRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AG1jY1h</latexit>

A1

<latexit sha1_base64="jXx2H2dwzwjF93fXVsEYY8/SVm0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8dIzAOSJcxOZpMhs7PLTK8QlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXkEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GdzO//cS1EbF6xEnC/YgOlQgFo2ilRqPv9ssVt+rOQVaJl5MK5Kj3y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NbPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqndVdR8uK7XrPI4inMApnIMHN1CDe6hDExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gDPdY1y</latexit>

S0
<latexit sha1_base64="HMEo5UGRlBy+RuuYRI1ACrzs/5U=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8dIzAOSJcxOepMhs7PLzKwQlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzUaPS9frniVt05yCrxclKBHPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPUzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa2LqndVdR8uK7XrPI4inMApnIMHN1CDe6hDExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDQ+Y1z</latexit>

S1

<latexit sha1_base64="eGRx8awOura32QVG2gSfNhU987A=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8eI5iHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/VbT6g0j+WDGSfoR3QgecgZNVa6f+y5vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t6dV2qXeRxFOIJjOAUPrqAGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AHYmY14</latexit>

Y0
<latexit sha1_base64="16AK0wRpyfjAhIrockso/Awocc0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8eI5iHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbTS/WPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6dV2qXeRxFOIJjOAUPrqAGt1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AHaHY15</latexit>

Y1

<latexit sha1_base64="3i400Oud/fy7uA1s8c0oXwsVzi0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PEi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSw03P7ZUrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6fV2qXeRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AG0CY1g</latexit>

A0
<latexit sha1_base64="KUWWlsdWjaRc6s71EbmKQ0CCzwc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PEi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSw03P65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6fV2qXeRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AG1jY1h</latexit>

A1

<latexit sha1_base64="nLrlhEaJ603r9pG4RYv3r8yVyGk=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xjw4jES84BkCbOT3mTI7OwyMyuEJZ/gxYMiXv0ib/6Nk2QPmljQUFR1090VJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WjmSToR3QoecgZNVZqNPrVfqnsVtw5yCrxclKGHPV+6as3iFkaoTRMUK27npsYP6PKcCZwWuylGhPKxnSIXUsljVD72fzUKTm3yoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPUzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2naEPwll9eJa1qxbuquA+X5dp1HkcBTuEMLsCDG6jBPdShCQyG8Ayv8OYI58V5dz4WrWtOPnMCf+B8/gDSfY10</latexit>

S2

<latexit sha1_base64="nLrlhEaJ603r9pG4RYv3r8yVyGk=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xjw4jES84BkCbOT3mTI7OwyMyuEJZ/gxYMiXv0ib/6Nk2QPmljQUFR1090VJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WjmSToR3QoecgZNVZqNPrVfqnsVtw5yCrxclKGHPV+6as3iFkaoTRMUK27npsYP6PKcCZwWuylGhPKxnSIXUsljVD72fzUKTm3yoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPUzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2naEPwll9eJa1qxbuquA+X5dp1HkcBTuEMLsCDG6jBPdShCQyG8Ayv8OYI58V5dz4WrWtOPnMCf+B8/gDSfY10</latexit>

S2
<latexit sha1_base64="nLrlhEaJ603r9pG4RYv3r8yVyGk=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xjw4jES84BkCbOT3mTI7OwyMyuEJZ/gxYMiXv0ib/6Nk2QPmljQUFR1090VJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WjmSToR3QoecgZNVZqNPrVfqnsVtw5yCrxclKGHPV+6as3iFkaoTRMUK27npsYP6PKcCZwWuylGhPKxnSIXUsljVD72fzUKTm3yoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPUzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2naEPwll9eJa1qxbuquA+X5dp1HkcBTuEMLsCDG6jBPdShCQyG8Ayv8OYI58V5dz4WrWtOPnMCf+B8/gDSfY10</latexit>

S2

<latexit sha1_base64="nLrlhEaJ603r9pG4RYv3r8yVyGk=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xjw4jES84BkCbOT3mTI7OwyMyuEJZ/gxYMiXv0ib/6Nk2QPmljQUFR1090VJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WjmSToR3QoecgZNVZqNPrVfqnsVtw5yCrxclKGHPV+6as3iFkaoTRMUK27npsYP6PKcCZwWuylGhPKxnSIXUsljVD72fzUKTm3yoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPUzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2naEPwll9eJa1qxbuquA+X5dp1HkcBTuEMLsCDG6jBPdShCQyG8Ayv8OYI58V5dz4WrWtOPnMCf+B8/gDSfY10</latexit>

S2

<latexit sha1_base64="lydmedYrfvAz/vPvGmbYvb1Fj/A="></latexit>

⌧ (y, s̃|a, s) = µ⌧ (y|s)⌫⌧ (s̃|y, a, s)

<latexit sha1_base64="UE3gxbW6i/zahj9V690gX9p/22w="></latexit>

⌧ (y, s̃|a, s) = µ⌧ (y|a, s)⌫⌧ (s̃|a, s)

<latexit sha1_base64="YlDV86VM5rzwIHmJ7heslimBqwM="></latexit>

⌧ (y, s̃|a, s) = µ⌧ (y|s)⌫⌧ (s̃|a, s)

<latexit sha1_base64="z5ezAPCeDfXhkKMaRLapH/6UY+I=">AAACFnicbVDLSgNBEJz1GeMr6lGQwSBECGFXFHMMePEYwTwgG0LvZJIMmX0w0yuENTc/wm/wqmdv4tWrR//ESbIHk1jQUFR1093lRVJotO1va2V1bX1jM7OV3d7Z3dvPHRzWdRgrxmsslKFqeqC5FAGvoUDJm5Hi4HuSN7zhzcRvPHClRRjc4yjibR/6gegJBmikTu7EHUIUQcdFiAujootCdnmix48UilSfd3J5u2RPQZeJk5I8SVHt5H7cbshinwfIJGjdcuwI2wkoFEzycdaNNY+ADaHPW4YG4HPdTqZ/jOmZUbq0FypTAdKp+nciAV/rke+ZTh9woBe9ifif14qxV24nIohi5AGbLerFkmJIJ6HQrlCcoRwZAkwJcytlA1DA0EQ3t8XzxyYTZzGBZVK/KDlXJfvuMl8pp+lkyDE5JQXikGtSIbekSmqEkSfyQl7Jm/VsvVsf1uesdcVKZ47IHKyvX2mMn2A=</latexit>

⌧ (y, s̃|a, s)

Full transducer POMDP — action first

POMDP — observation firstBelief transducer
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Reducing transducers 

Can all interfaces be simulated via a transducer? 

<latexit sha1_base64="jXx2H2dwzwjF93fXVsEYY8/SVm0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8dIzAOSJcxOZpMhs7PLTK8QlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXkEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GdzO//cS1EbF6xEnC/YgOlQgFo2ilRqPv9ssVt+rOQVaJl5MK5Kj3y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NbPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqndVdR8uK7XrPI4inMApnIMHN1CDe6hDExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gDPdY1y</latexit>

S0
<latexit sha1_base64="HMEo5UGRlBy+RuuYRI1ACrzs/5U=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8dIzAOSJcxOepMhs7PLzKwQlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzUaPS9frniVt05yCrxclKBHPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPUzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa2LqndVdR8uK7XrPI4inMApnIMHN1CDe6hDExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDQ+Y1z</latexit>

S1
<latexit sha1_base64="nLrlhEaJ603r9pG4RYv3r8yVyGk=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xjw4jES84BkCbOT3mTI7OwyMyuEJZ/gxYMiXv0ib/6Nk2QPmljQUFR1090VJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WjmSToR3QoecgZNVZqNPrVfqnsVtw5yCrxclKGHPV+6as3iFkaoTRMUK27npsYP6PKcCZwWuylGhPKxnSIXUsljVD72fzUKTm3yoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPUzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2naEPwll9eJa1qxbuquA+X5dp1HkcBTuEMLsCDG6jBPdShCQyG8Ayv8OYI58V5dz4WrWtOPnMCf+B8/gDSfY10</latexit>

S2
<latexit sha1_base64="gfuhOBk8GyD8QOuBg9WbhLHBIYo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6Pga8eIzEPCBZwuxkNhkyO7vM9AphySd48aCIV7/Im3/jJNmDRgsaiqpuuruCRAqDrvvlFFZW19Y3ipulre2d3b3y/kHLxKlmvMliGetOQA2XQvEmCpS8k2hOo0DydjC+nfntR66NiNUDThLuR3SoRCgYRSs1Gv3zfrniVt05yF/i5aQCOer98mdvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmJVQYkjLUthWSu/pzIaGTMJApsZ0RxZJa9mfif100xvPEzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85Zf/ktZZ1busuvcXldpVHkcRjuAYTsGDa6jBHdShCQyG8AQv8OpI59l5c94XrQUnnzmEX3A+vgHUAY11</latexit>

S3

<latexit sha1_base64="eGRx8awOura32QVG2gSfNhU987A=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8eI5iHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/VbT6g0j+WDGSfoR3QgecgZNVa6f+y5vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t6dV2qXeRxFOIJjOAUPrqAGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AHYmY14</latexit>

Y0
<latexit sha1_base64="16AK0wRpyfjAhIrockso/Awocc0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8eI5iHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbTS/WPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6dV2qXeRxFOIJjOAUPrqAGt1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AHaHY15</latexit>

Y1
<latexit sha1_base64="XOcNmObYDnLX6nldISv71/rEt8Q=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xjw4jGieUiyhNnJbDJkdnaZ6RXCkk/w4kERr36RN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFrp/rFX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindRce/Oy7XLPI4CHMMJnIEHV1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AHboY16</latexit>

Y2
<latexit sha1_base64="6Z9gNi3iBcnSZ+bKgm0gMGLjIyY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6Pga8eIxoHpIsYXbSmwyZnV1mZoWw5BO8eFDEq1/kzb9xkuxBowUNRVU33V1BIrg2rvvlFJaWV1bXiuuljc2t7Z3y7l5Tx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaPrqd96RKV5LO/NOEE/ogPJQ86osdLdQ++0V664VXcG8pd4OalAjnqv/NntxyyNUBomqNYdz02Mn1FlOBM4KXVTjQllIzrAjqWSRqj9bHbqhBxZpU/CWNmShszUnxMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTsiF4iy//Jc2TqndedW/PKrWLPI4iHMAhHIMHl1CDG6hDAxgM4Ale4NURzrPz5rzPWwtOPrMPv+B8fAPdJY17</latexit>

Y3

<latexit sha1_base64="3i400Oud/fy7uA1s8c0oXwsVzi0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PEi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSw03P7ZUrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6fV2qXeRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AG0CY1g</latexit>

A0
<latexit sha1_base64="KUWWlsdWjaRc6s71EbmKQ0CCzwc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PEi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSw03P65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6fV2qXeRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AG1jY1h</latexit>

A1
<latexit sha1_base64="Bagk0F5cRg8Svqcq5JIgCsxP9nY=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xjx4jGieUCyhNlJbzJkdnaZmRXCkk/w4kERr36RN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis93PSqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindRce/Py7XLPI4CHMMJnIEHV1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AG3EY1i</latexit>

A2
<latexit sha1_base64="1C/NMCPh5W0wlkjTs6ifqgyB3fo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6Pka8eIxoHpAsYXYymwyZnV1meoWw5BO8eFDEq1/kzb9xkuxBowUNRVU33V1BIoVB1/1yCkvLK6trxfXSxubW9k55d69p4lQz3mCxjHU7oIZLoXgDBUreTjSnUSB5KxjdTP3WI9dGxOoBxwn3IzpQIhSMopXur3unvXLFrbozkL/Ey0kFctR75c9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZAjq/RJGGtbCslM/TmR0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy//Jc2Tqndede/OKrWLPI4iHMAhHIMHl1CDW6hDAxgM4Ale4NWRzrPz5rzPWwtOPrMPv+B8fAO4lY1j</latexit>

A3
<latexit sha1_base64="SOJBYcTljxMO6QieairlWbCDFBk=">AAAB/nicbVDLSgMxFL1TX7W+RsWVm2ARXJQyU5/LFjcuK9gHtMOQSdM2NJMZkoxQhoK/4saFIm79Dnf+jWk7C209cOBwzr3k5gQxZ0o7zreVW1ldW9/Ibxa2tnd29+z9g6aKEklog0Q8ku0AK8qZoA3NNKftWFIcBpy2gtHtNG89UqlYJB70OKZeiAeC9RnB2li+fVTznVLNdw0rhuelbi/SyreLTtmZAS0LNxNFyFD37S+zR5KQCk04VqrjOrH2Uiw1I5xOCt1E0RiTER7QjpECh1R56ez8CTo1Tg/1I2koNJq5vzdSHCo1DgMzGWI9VIvZ1Pwv6yS6f+OlTMSJpoLMH+onHOkITbtAPSYp0XxsBCaSmVsRGWKJiTaNFUwJ7uKXl0WzUnYvy879RbF6ldWRh2M4gTNw4RqqcAd1aACBFJ7hFd6sJ+vFerc+5qM5K9s5hD+wPn8A6uSTgQ==</latexit>

A0, A1, A2, A3, . . .

<latexit sha1_base64="3FKfao+acHqKb9cFKnJhnHhJCCo=">AAAB/nicbVDLSgMxFL1TX7W+RsWVm2ARXJQyU5/LghuXFeyLdhgyadqGZjJDkhHKUPBX3LhQxK3f4c6/MW1noa0HDhzOuZfcnCDmTGnH+bZyK6tr6xv5zcLW9s7unr1/0FBRIgmtk4hHshVgRTkTtK6Z5rQVS4rDgNNmMLqd5s1HKhWLxIMex9QL8UCwPiNYG8u3j9q+U2r7rmHF8LzU7UVa+XbRKTszoGXhZqIIGWq+/WX2SBJSoQnHSnVcJ9ZeiqVmhNNJoZsoGmMywgPaMVLgkCovnZ0/QafG6aF+JA2FRjP390aKQ6XGYWAmQ6yHajGbmv9lnUT3b7yUiTjRVJD5Q/2EIx2haReoxyQlmo+NwEQycysiQywx0aaxginBXfzysmhUyu5l2bm/KFavsjrycAwncAYuXEMV7qAGdSCQwjO8wpv1ZL1Y79bHfDRnZTuH8AfW5w+Bs5Ph</latexit>

Y0, Y1, Y2, Y3, . . .

<latexit sha1_base64="QVKkqqzWzmxl8y/oHSi4KfTxXeI="></latexit>

p(y:ts:t+1|a:) = p(s0)
tY

⌧=0

⌧ (y⌧ , s⌧+1|a⌧ , st)



43

Reducing transducers 

Can all interfaces be simulated via a transducer? 

Yes! Consider the transducer “Funes” with world model                           .  

<latexit sha1_base64="jXx2H2dwzwjF93fXVsEYY8/SVm0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8dIzAOSJcxOZpMhs7PLTK8QlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXkEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GdzO//cS1EbF6xEnC/YgOlQgFo2ilRqPv9ssVt+rOQVaJl5MK5Kj3y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NbPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqndVdR8uK7XrPI4inMApnIMHN1CDe6hDExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gDPdY1y</latexit>

S0
<latexit sha1_base64="HMEo5UGRlBy+RuuYRI1ACrzs/5U=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8dIzAOSJcxOepMhs7PLzKwQlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzUaPS9frniVt05yCrxclKBHPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPUzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa2LqndVdR8uK7XrPI4inMApnIMHN1CDe6hDExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDQ+Y1z</latexit>

S1
<latexit sha1_base64="nLrlhEaJ603r9pG4RYv3r8yVyGk=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xjw4jES84BkCbOT3mTI7OwyMyuEJZ/gxYMiXv0ib/6Nk2QPmljQUFR1090VJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WjmSToR3QoecgZNVZqNPrVfqnsVtw5yCrxclKGHPV+6as3iFkaoTRMUK27npsYP6PKcCZwWuylGhPKxnSIXUsljVD72fzUKTm3yoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPUzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2naEPwll9eJa1qxbuquA+X5dp1HkcBTuEMLsCDG6jBPdShCQyG8Ayv8OYI58V5dz4WrWtOPnMCf+B8/gDSfY10</latexit>

S2
<latexit sha1_base64="gfuhOBk8GyD8QOuBg9WbhLHBIYo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6Pga8eIzEPCBZwuxkNhkyO7vM9AphySd48aCIV7/Im3/jJNmDRgsaiqpuuruCRAqDrvvlFFZW19Y3ipulre2d3b3y/kHLxKlmvMliGetOQA2XQvEmCpS8k2hOo0DydjC+nfntR66NiNUDThLuR3SoRCgYRSs1Gv3zfrniVt05yF/i5aQCOer98mdvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmJVQYkjLUthWSu/pzIaGTMJApsZ0RxZJa9mfif100xvPEzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85Zf/ktZZ1busuvcXldpVHkcRjuAYTsGDa6jBHdShCQyG8AQv8OpI59l5c94XrQUnnzmEX3A+vgHUAY11</latexit>

S3

<latexit sha1_base64="eGRx8awOura32QVG2gSfNhU987A=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8eI5iHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/VbT6g0j+WDGSfoR3QgecgZNVa6f+y5vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t6dV2qXeRxFOIJjOAUPrqAGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AHYmY14</latexit>

Y0
<latexit sha1_base64="16AK0wRpyfjAhIrockso/Awocc0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8eI5iHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbTS/WPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6dV2qXeRxFOIJjOAUPrqAGt1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AHaHY15</latexit>

Y1
<latexit sha1_base64="XOcNmObYDnLX6nldISv71/rEt8Q=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xjw4jGieUiyhNnJbDJkdnaZ6RXCkk/w4kERr36RN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFrp/rFX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindRce/Oy7XLPI4CHMMJnIEHV1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AHboY16</latexit>

Y2
<latexit sha1_base64="6Z9gNi3iBcnSZ+bKgm0gMGLjIyY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6Pga8eIxoHpIsYXbSmwyZnV1mZoWw5BO8eFDEq1/kzb9xkuxBowUNRVU33V1BIrg2rvvlFJaWV1bXiuuljc2t7Z3y7l5Tx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaPrqd96RKV5LO/NOEE/ogPJQ86osdLdQ++0V664VXcG8pd4OalAjnqv/NntxyyNUBomqNYdz02Mn1FlOBM4KXVTjQllIzrAjqWSRqj9bHbqhBxZpU/CWNmShszUnxMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTsiF4iy//Jc2TqndedW/PKrWLPI4iHMAhHIMHl1CDG6hDAxgM4Ale4NURzrPz5rzPWwtOPrMPv+B8fAPdJY17</latexit>

Y3

<latexit sha1_base64="3i400Oud/fy7uA1s8c0oXwsVzi0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PEi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSw03P7ZUrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6fV2qXeRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AG0CY1g</latexit>

A0
<latexit sha1_base64="KUWWlsdWjaRc6s71EbmKQ0CCzwc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PEi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSw03P65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6fV2qXeRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AG1jY1h</latexit>

A1
<latexit sha1_base64="Bagk0F5cRg8Svqcq5JIgCsxP9nY=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xjx4jGieUCyhNlJbzJkdnaZmRXCkk/w4kERr36RN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis93PSqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindRce/Py7XLPI4CHMMJnIEHV1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AG3EY1i</latexit>

A2
<latexit sha1_base64="1C/NMCPh5W0wlkjTs6ifqgyB3fo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6Pka8eIxoHpAsYXYymwyZnV1meoWw5BO8eFDEq1/kzb9xkuxBowUNRVU33V1BIoVB1/1yCkvLK6trxfXSxubW9k55d69p4lQz3mCxjHU7oIZLoXgDBUreTjSnUSB5KxjdTP3WI9dGxOoBxwn3IzpQIhSMopXur3unvXLFrbozkL/Ey0kFctR75c9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZAjq/RJGGtbCslM/TmR0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy//Jc2Tqndede/OKrWLPI4iHMAhHIMHl1CDW6hDAxgM4Ale4NWRzrPz5rzPWwtOPrMPv+B8fAO4lY1j</latexit>

A3
<latexit sha1_base64="SOJBYcTljxMO6QieairlWbCDFBk=">AAAB/nicbVDLSgMxFL1TX7W+RsWVm2ARXJQyU5/LFjcuK9gHtMOQSdM2NJMZkoxQhoK/4saFIm79Dnf+jWk7C209cOBwzr3k5gQxZ0o7zreVW1ldW9/Ibxa2tnd29+z9g6aKEklog0Q8ku0AK8qZoA3NNKftWFIcBpy2gtHtNG89UqlYJB70OKZeiAeC9RnB2li+fVTznVLNdw0rhuelbi/SyreLTtmZAS0LNxNFyFD37S+zR5KQCk04VqrjOrH2Uiw1I5xOCt1E0RiTER7QjpECh1R56ez8CTo1Tg/1I2koNJq5vzdSHCo1DgMzGWI9VIvZ1Pwv6yS6f+OlTMSJpoLMH+onHOkITbtAPSYp0XxsBCaSmVsRGWKJiTaNFUwJ7uKXl0WzUnYvy879RbF6ldWRh2M4gTNw4RqqcAd1aACBFJ7hFd6sJ+vFerc+5qM5K9s5hD+wPn8A6uSTgQ==</latexit>

A0, A1, A2, A3, . . .

<latexit sha1_base64="3FKfao+acHqKb9cFKnJhnHhJCCo=">AAAB/nicbVDLSgMxFL1TX7W+RsWVm2ARXJQyU5/LghuXFeyLdhgyadqGZjJDkhHKUPBX3LhQxK3f4c6/MW1noa0HDhzOuZfcnCDmTGnH+bZyK6tr6xv5zcLW9s7unr1/0FBRIgmtk4hHshVgRTkTtK6Z5rQVS4rDgNNmMLqd5s1HKhWLxIMex9QL8UCwPiNYG8u3j9q+U2r7rmHF8LzU7UVa+XbRKTszoGXhZqIIGWq+/WX2SBJSoQnHSnVcJ9ZeiqVmhNNJoZsoGmMywgPaMVLgkCovnZ0/QafG6aF+JA2FRjP390aKQ6XGYWAmQ6yHajGbmv9lnUT3b7yUiTjRVJD5Q/2EIx2haReoxyQlmo+NwEQycysiQywx0aaxginBXfzysmhUyu5l2bm/KFavsjrycAwncAYuXEMV7qAGdSCQwjO8wpv1ZL1Y79bHfDRnZTuH8AfW5w+Bs5Ph</latexit>

Y0, Y1, Y2, Y3, . . .

<latexit sha1_base64="QVKkqqzWzmxl8y/oHSi4KfTxXeI="></latexit>

p(y:ts:t+1|a:) = p(s0)
tY

⌧=0

⌧ (y⌧ , s⌧+1|a⌧ , st)

<latexit sha1_base64="H6fpI15PJavRNgoXifoxdh6I+jQ=">AAACCnicbVDLSsNAFJ34rPUV69LNYBHcWBJRLIJQcNNlRfuANoTJdNIOnUnCzI1YQv/Ab3Cra3fi1p9w6Z+YtFnY1gMXDufcy7kcLxJcg2V9Gyura+sbm4Wt4vbO7t6+eVBq6TBWlDVpKELV8YhmggesCRwE60SKEekJ1vZGt5nffmRK8zB4gHHEHEkGAfc5JZBKrlm6dwHf4J4ncd1NruHMnrhm2apYU+BlYuekjHI0XPOn1w9pLFkAVBCtu7YVgZMQBZwKNin2Ys0iQkdkwLopDYhk2kmmv0/wSar0sR+qdALAU/XvRUKk1mPppZuSwFAvepn4n9eNwa86CQ+iGFhAZ0F+LDCEOCsC97liFMQ4JYQqnv6K6ZAoQiGtay7Fk1kn9mIDy6R1XrEvK9bdRblWzdspoCN0jE6Rja5QDdVRAzURRU/oBb2iN+PZeDc+jM/Z6oqR3xyiORhfv7rkmYg=</latexit>

St = H:t�1

<latexit sha1_base64="uLYeRCipwxTDljFR50Hy6RUnjZk="></latexit>

S0 = 0, S1 = (A0, Y0), S2 = (A:1,Y:1), . . .
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Reducing transducers 

Can all interfaces be simulated via a transducer? 

Yes! Consider the transducer “Funes” with world model                           .  

—> It works, but requires exponential amounts of memory 

<latexit sha1_base64="jXx2H2dwzwjF93fXVsEYY8/SVm0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8dIzAOSJcxOZpMhs7PLTK8QlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXkEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GdzO//cS1EbF6xEnC/YgOlQgFo2ilRqPv9ssVt+rOQVaJl5MK5Kj3y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NbPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqndVdR8uK7XrPI4inMApnIMHN1CDe6hDExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gDPdY1y</latexit>

S0
<latexit sha1_base64="HMEo5UGRlBy+RuuYRI1ACrzs/5U=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8dIzAOSJcxOepMhs7PLzKwQlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzUaPS9frniVt05yCrxclKBHPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPUzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa2LqndVdR8uK7XrPI4inMApnIMHN1CDe6hDExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDQ+Y1z</latexit>

S1
<latexit sha1_base64="nLrlhEaJ603r9pG4RYv3r8yVyGk=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xjw4jES84BkCbOT3mTI7OwyMyuEJZ/gxYMiXv0ib/6Nk2QPmljQUFR1090VJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WjmSToR3QoecgZNVZqNPrVfqnsVtw5yCrxclKGHPV+6as3iFkaoTRMUK27npsYP6PKcCZwWuylGhPKxnSIXUsljVD72fzUKTm3yoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPUzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2naEPwll9eJa1qxbuquA+X5dp1HkcBTuEMLsCDG6jBPdShCQyG8Ayv8OYI58V5dz4WrWtOPnMCf+B8/gDSfY10</latexit>

S2
<latexit sha1_base64="gfuhOBk8GyD8QOuBg9WbhLHBIYo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6Pga8eIzEPCBZwuxkNhkyO7vM9AphySd48aCIV7/Im3/jJNmDRgsaiqpuuruCRAqDrvvlFFZW19Y3ipulre2d3b3y/kHLxKlmvMliGetOQA2XQvEmCpS8k2hOo0DydjC+nfntR66NiNUDThLuR3SoRCgYRSs1Gv3zfrniVt05yF/i5aQCOer98mdvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmJVQYkjLUthWSu/pzIaGTMJApsZ0RxZJa9mfif100xvPEzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85Zf/ktZZ1busuvcXldpVHkcRjuAYTsGDa6jBHdShCQyG8AQv8OpI59l5c94XrQUnnzmEX3A+vgHUAY11</latexit>

S3

<latexit sha1_base64="eGRx8awOura32QVG2gSfNhU987A=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8eI5iHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/VbT6g0j+WDGSfoR3QgecgZNVa6f+y5vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t6dV2qXeRxFOIJjOAUPrqAGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AHYmY14</latexit>

Y0
<latexit sha1_base64="16AK0wRpyfjAhIrockso/Awocc0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8eI5iHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbTS/WPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6dV2qXeRxFOIJjOAUPrqAGt1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AHaHY15</latexit>

Y1
<latexit sha1_base64="XOcNmObYDnLX6nldISv71/rEt8Q=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xjw4jGieUiyhNnJbDJkdnaZ6RXCkk/w4kERr36RN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFrp/rFX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindRce/Oy7XLPI4CHMMJnIEHV1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AHboY16</latexit>

Y2
<latexit sha1_base64="6Z9gNi3iBcnSZ+bKgm0gMGLjIyY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6Pga8eIxoHpIsYXbSmwyZnV1mZoWw5BO8eFDEq1/kzb9xkuxBowUNRVU33V1BIrg2rvvlFJaWV1bXiuuljc2t7Z3y7l5Tx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaPrqd96RKV5LO/NOEE/ogPJQ86osdLdQ++0V664VXcG8pd4OalAjnqv/NntxyyNUBomqNYdz02Mn1FlOBM4KXVTjQllIzrAjqWSRqj9bHbqhBxZpU/CWNmShszUnxMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTsiF4iy//Jc2TqndedW/PKrWLPI4iHMAhHIMHl1CDG6hDAxgM4Ale4NURzrPz5rzPWwtOPrMPv+B8fAPdJY17</latexit>

Y3

<latexit sha1_base64="3i400Oud/fy7uA1s8c0oXwsVzi0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PEi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSw03P7ZUrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6fV2qXeRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AG0CY1g</latexit>

A0
<latexit sha1_base64="KUWWlsdWjaRc6s71EbmKQ0CCzwc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PEi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSw03P65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6fV2qXeRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AG1jY1h</latexit>

A1
<latexit sha1_base64="Bagk0F5cRg8Svqcq5JIgCsxP9nY=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xjx4jGieUCyhNlJbzJkdnaZmRXCkk/w4kERr36RN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis93PSqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindRce/Py7XLPI4CHMMJnIEHV1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AG3EY1i</latexit>

A2
<latexit sha1_base64="1C/NMCPh5W0wlkjTs6ifqgyB3fo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6Pka8eIxoHpAsYXYymwyZnV1meoWw5BO8eFDEq1/kzb9xkuxBowUNRVU33V1BIoVB1/1yCkvLK6trxfXSxubW9k55d69p4lQz3mCxjHU7oIZLoXgDBUreTjSnUSB5KxjdTP3WI9dGxOoBxwn3IzpQIhSMopXur3unvXLFrbozkL/Ey0kFctR75c9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZAjq/RJGGtbCslM/TmR0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy//Jc2Tqndede/OKrWLPI4iHMAhHIMHl1CDW6hDAxgM4Ale4NWRzrPz5rzPWwtOPrMPv+B8fAO4lY1j</latexit>

A3
<latexit sha1_base64="SOJBYcTljxMO6QieairlWbCDFBk=">AAAB/nicbVDLSgMxFL1TX7W+RsWVm2ARXJQyU5/LFjcuK9gHtMOQSdM2NJMZkoxQhoK/4saFIm79Dnf+jWk7C209cOBwzr3k5gQxZ0o7zreVW1ldW9/Ibxa2tnd29+z9g6aKEklog0Q8ku0AK8qZoA3NNKftWFIcBpy2gtHtNG89UqlYJB70OKZeiAeC9RnB2li+fVTznVLNdw0rhuelbi/SyreLTtmZAS0LNxNFyFD37S+zR5KQCk04VqrjOrH2Uiw1I5xOCt1E0RiTER7QjpECh1R56ez8CTo1Tg/1I2koNJq5vzdSHCo1DgMzGWI9VIvZ1Pwv6yS6f+OlTMSJpoLMH+onHOkITbtAPSYp0XxsBCaSmVsRGWKJiTaNFUwJ7uKXl0WzUnYvy879RbF6ldWRh2M4gTNw4RqqcAd1aACBFJ7hFd6sJ+vFerc+5qM5K9s5hD+wPn8A6uSTgQ==</latexit>

A0, A1, A2, A3, . . .

<latexit sha1_base64="3FKfao+acHqKb9cFKnJhnHhJCCo=">AAAB/nicbVDLSgMxFL1TX7W+RsWVm2ARXJQyU5/LghuXFeyLdhgyadqGZjJDkhHKUPBX3LhQxK3f4c6/MW1noa0HDhzOuZfcnCDmTGnH+bZyK6tr6xv5zcLW9s7unr1/0FBRIgmtk4hHshVgRTkTtK6Z5rQVS4rDgNNmMLqd5s1HKhWLxIMex9QL8UCwPiNYG8u3j9q+U2r7rmHF8LzU7UVa+XbRKTszoGXhZqIIGWq+/WX2SBJSoQnHSnVcJ9ZeiqVmhNNJoZsoGmMywgPaMVLgkCovnZ0/QafG6aF+JA2FRjP390aKQ6XGYWAmQ6yHajGbmv9lnUT3b7yUiTjRVJD5Q/2EIx2haReoxyQlmo+NwEQycysiQywx0aaxginBXfzysmhUyu5l2bm/KFavsjrycAwncAYuXEMV7qAGdSCQwjO8wpv1ZL1Y79bHfDRnZTuH8AfW5w+Bs5Ph</latexit>

Y0, Y1, Y2, Y3, . . .

<latexit sha1_base64="QVKkqqzWzmxl8y/oHSi4KfTxXeI="></latexit>

p(y:ts:t+1|a:) = p(s0)
tY

⌧=0

⌧ (y⌧ , s⌧+1|a⌧ , st)

<latexit sha1_base64="H6fpI15PJavRNgoXifoxdh6I+jQ=">AAACCnicbVDLSsNAFJ34rPUV69LNYBHcWBJRLIJQcNNlRfuANoTJdNIOnUnCzI1YQv/Ab3Cra3fi1p9w6Z+YtFnY1gMXDufcy7kcLxJcg2V9Gyura+sbm4Wt4vbO7t6+eVBq6TBWlDVpKELV8YhmggesCRwE60SKEekJ1vZGt5nffmRK8zB4gHHEHEkGAfc5JZBKrlm6dwHf4J4ncd1NruHMnrhm2apYU+BlYuekjHI0XPOn1w9pLFkAVBCtu7YVgZMQBZwKNin2Ys0iQkdkwLopDYhk2kmmv0/wSar0sR+qdALAU/XvRUKk1mPppZuSwFAvepn4n9eNwa86CQ+iGFhAZ0F+LDCEOCsC97liFMQ4JYQqnv6K6ZAoQiGtay7Fk1kn9mIDy6R1XrEvK9bdRblWzdspoCN0jE6Rja5QDdVRAzURRU/oBb2iN+PZeDc+jM/Z6oqR3xyiORhfv7rkmYg=</latexit>

St = H:t�1

<latexit sha1_base64="uLYeRCipwxTDljFR50Hy6RUnjZk="></latexit>

S0 = 0, S1 = (A0, Y0), S2 = (A:1,Y:1), . . .
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Reducing transducers 

Can all interfaces be simulated via a transducer? 

Yes! Consider the transducer “Funes” with world model                           .  

—> It works, but requires exponential amounts of memory 

<latexit sha1_base64="jXx2H2dwzwjF93fXVsEYY8/SVm0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8dIzAOSJcxOZpMhs7PLTK8QlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXkEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GdzO//cS1EbF6xEnC/YgOlQgFo2ilRqPv9ssVt+rOQVaJl5MK5Kj3y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NbPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqndVdR8uK7XrPI4inMApnIMHN1CDe6hDExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gDPdY1y</latexit>

S0
<latexit sha1_base64="HMEo5UGRlBy+RuuYRI1ACrzs/5U=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8dIzAOSJcxOepMhs7PLzKwQlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzUaPS9frniVt05yCrxclKBHPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPUzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa2LqndVdR8uK7XrPI4inMApnIMHN1CDe6hDExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDQ+Y1z</latexit>

S1
<latexit sha1_base64="nLrlhEaJ603r9pG4RYv3r8yVyGk=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xjw4jES84BkCbOT3mTI7OwyMyuEJZ/gxYMiXv0ib/6Nk2QPmljQUFR1090VJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WjmSToR3QoecgZNVZqNPrVfqnsVtw5yCrxclKGHPV+6as3iFkaoTRMUK27npsYP6PKcCZwWuylGhPKxnSIXUsljVD72fzUKTm3yoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPUzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2naEPwll9eJa1qxbuquA+X5dp1HkcBTuEMLsCDG6jBPdShCQyG8Ayv8OYI58V5dz4WrWtOPnMCf+B8/gDSfY10</latexit>

S2
<latexit sha1_base64="gfuhOBk8GyD8QOuBg9WbhLHBIYo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6Pga8eIzEPCBZwuxkNhkyO7vM9AphySd48aCIV7/Im3/jJNmDRgsaiqpuuruCRAqDrvvlFFZW19Y3ipulre2d3b3y/kHLxKlmvMliGetOQA2XQvEmCpS8k2hOo0DydjC+nfntR66NiNUDThLuR3SoRCgYRSs1Gv3zfrniVt05yF/i5aQCOer98mdvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmJVQYkjLUthWSu/pzIaGTMJApsZ0RxZJa9mfif100xvPEzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85Zf/ktZZ1busuvcXldpVHkcRjuAYTsGDa6jBHdShCQyG8AQv8OpI59l5c94XrQUnnzmEX3A+vgHUAY11</latexit>

S3

<latexit sha1_base64="eGRx8awOura32QVG2gSfNhU987A=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8eI5iHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/VbT6g0j+WDGSfoR3QgecgZNVa6f+y5vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t6dV2qXeRxFOIJjOAUPrqAGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AHYmY14</latexit>

Y0
<latexit sha1_base64="16AK0wRpyfjAhIrockso/Awocc0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8eI5iHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbTS/WPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6dV2qXeRxFOIJjOAUPrqAGt1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AHaHY15</latexit>

Y1
<latexit sha1_base64="XOcNmObYDnLX6nldISv71/rEt8Q=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xjw4jGieUiyhNnJbDJkdnaZ6RXCkk/w4kERr36RN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFrp/rFX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindRce/Oy7XLPI4CHMMJnIEHV1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AHboY16</latexit>

Y2
<latexit sha1_base64="6Z9gNi3iBcnSZ+bKgm0gMGLjIyY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6Pga8eIxoHpIsYXbSmwyZnV1mZoWw5BO8eFDEq1/kzb9xkuxBowUNRVU33V1BIrg2rvvlFJaWV1bXiuuljc2t7Z3y7l5Tx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaPrqd96RKV5LO/NOEE/ogPJQ86osdLdQ++0V664VXcG8pd4OalAjnqv/NntxyyNUBomqNYdz02Mn1FlOBM4KXVTjQllIzrAjqWSRqj9bHbqhBxZpU/CWNmShszUnxMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTsiF4iy//Jc2TqndedW/PKrWLPI4iHMAhHIMHl1CDG6hDAxgM4Ale4NURzrPz5rzPWwtOPrMPv+B8fAPdJY17</latexit>

Y3

<latexit sha1_base64="3i400Oud/fy7uA1s8c0oXwsVzi0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PEi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSw03P7ZUrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6fV2qXeRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AG0CY1g</latexit>

A0
<latexit sha1_base64="KUWWlsdWjaRc6s71EbmKQ0CCzwc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PEi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSw03P65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6fV2qXeRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AG1jY1h</latexit>

A1
<latexit sha1_base64="Bagk0F5cRg8Svqcq5JIgCsxP9nY=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xjx4jGieUCyhNlJbzJkdnaZmRXCkk/w4kERr36RN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis93PSqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindRce/Py7XLPI4CHMMJnIEHV1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AG3EY1i</latexit>

A2
<latexit sha1_base64="1C/NMCPh5W0wlkjTs6ifqgyB3fo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6Pka8eIxoHpAsYXYymwyZnV1meoWw5BO8eFDEq1/kzb9xkuxBowUNRVU33V1BIoVB1/1yCkvLK6trxfXSxubW9k55d69p4lQz3mCxjHU7oIZLoXgDBUreTjSnUSB5KxjdTP3WI9dGxOoBxwn3IzpQIhSMopXur3unvXLFrbozkL/Ey0kFctR75c9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZAjq/RJGGtbCslM/TmR0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy//Jc2Tqndede/OKrWLPI4iHMAhHIMHl1CDW6hDAxgM4Ale4NWRzrPz5rzPWwtOPrMPv+B8fAO4lY1j</latexit>

A3
<latexit sha1_base64="SOJBYcTljxMO6QieairlWbCDFBk=">AAAB/nicbVDLSgMxFL1TX7W+RsWVm2ARXJQyU5/LFjcuK9gHtMOQSdM2NJMZkoxQhoK/4saFIm79Dnf+jWk7C209cOBwzr3k5gQxZ0o7zreVW1ldW9/Ibxa2tnd29+z9g6aKEklog0Q8ku0AK8qZoA3NNKftWFIcBpy2gtHtNG89UqlYJB70OKZeiAeC9RnB2li+fVTznVLNdw0rhuelbi/SyreLTtmZAS0LNxNFyFD37S+zR5KQCk04VqrjOrH2Uiw1I5xOCt1E0RiTER7QjpECh1R56ez8CTo1Tg/1I2koNJq5vzdSHCo1DgMzGWI9VIvZ1Pwv6yS6f+OlTMSJpoLMH+onHOkITbtAPSYp0XxsBCaSmVsRGWKJiTaNFUwJ7uKXl0WzUnYvy879RbF6ldWRh2M4gTNw4RqqcAd1aACBFJ7hFd6sJ+vFerc+5qM5K9s5hD+wPn8A6uSTgQ==</latexit>

A0, A1, A2, A3, . . .

<latexit sha1_base64="3FKfao+acHqKb9cFKnJhnHhJCCo=">AAAB/nicbVDLSgMxFL1TX7W+RsWVm2ARXJQyU5/LghuXFeyLdhgyadqGZjJDkhHKUPBX3LhQxK3f4c6/MW1noa0HDhzOuZfcnCDmTGnH+bZyK6tr6xv5zcLW9s7unr1/0FBRIgmtk4hHshVgRTkTtK6Z5rQVS4rDgNNmMLqd5s1HKhWLxIMex9QL8UCwPiNYG8u3j9q+U2r7rmHF8LzU7UVa+XbRKTszoGXhZqIIGWq+/WX2SBJSoQnHSnVcJ9ZeiqVmhNNJoZsoGmMywgPaMVLgkCovnZ0/QafG6aF+JA2FRjP390aKQ6XGYWAmQ6yHajGbmv9lnUT3b7yUiTjRVJD5Q/2EIx2haReoxyQlmo+NwEQycysiQywx0aaxginBXfzysmhUyu5l2bm/KFavsjrycAwncAYuXEMV7qAGdSCQwjO8wpv1ZL1Y79bHfDRnZTuH8AfW5w+Bs5Ph</latexit>

Y0, Y1, Y2, Y3, . . .

<latexit sha1_base64="QVKkqqzWzmxl8y/oHSi4KfTxXeI="></latexit>

p(y:ts:t+1|a:) = p(s0)
tY

⌧=0

⌧ (y⌧ , s⌧+1|a⌧ , st)

<latexit sha1_base64="H6fpI15PJavRNgoXifoxdh6I+jQ=">AAACCnicbVDLSsNAFJ34rPUV69LNYBHcWBJRLIJQcNNlRfuANoTJdNIOnUnCzI1YQv/Ab3Cra3fi1p9w6Z+YtFnY1gMXDufcy7kcLxJcg2V9Gyura+sbm4Wt4vbO7t6+eVBq6TBWlDVpKELV8YhmggesCRwE60SKEekJ1vZGt5nffmRK8zB4gHHEHEkGAfc5JZBKrlm6dwHf4J4ncd1NruHMnrhm2apYU+BlYuekjHI0XPOn1w9pLFkAVBCtu7YVgZMQBZwKNin2Ys0iQkdkwLopDYhk2kmmv0/wSar0sR+qdALAU/XvRUKk1mPppZuSwFAvepn4n9eNwa86CQ+iGFhAZ0F+LDCEOCsC97liFMQ4JYQqnv6K6ZAoQiGtay7Fk1kn9mIDy6R1XrEvK9bdRblWzdspoCN0jE6Rja5QDdVRAzURRU/oBb2iN+PZeDc+jM/Z6oqR3xyiORhfv7rkmYg=</latexit>

St = H:t�1

<latexit sha1_base64="uLYeRCipwxTDljFR50Hy6RUnjZk="></latexit>

S0 = 0, S1 = (A0, Y0), S2 = (A:1,Y:1), . . .

How can one “reduce” a transducer?
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Reducing transducers: tools 

World reductions: coarse-grains that keep the interface stays the same (equivalent to bisimulation). 

<latexit sha1_base64="jXx2H2dwzwjF93fXVsEYY8/SVm0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8dIzAOSJcxOZpMhs7PLTK8QlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXkEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GdzO//cS1EbF6xEnC/YgOlQgFo2ilRqPv9ssVt+rOQVaJl5MK5Kj3y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NbPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqndVdR8uK7XrPI4inMApnIMHN1CDe6hDExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gDPdY1y</latexit>

S0
<latexit sha1_base64="HMEo5UGRlBy+RuuYRI1ACrzs/5U=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8dIzAOSJcxOepMhs7PLzKwQlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzUaPS9frniVt05yCrxclKBHPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPUzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa2LqndVdR8uK7XrPI4inMApnIMHN1CDe6hDExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDQ+Y1z</latexit>

S1
<latexit sha1_base64="nLrlhEaJ603r9pG4RYv3r8yVyGk=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xjw4jES84BkCbOT3mTI7OwyMyuEJZ/gxYMiXv0ib/6Nk2QPmljQUFR1090VJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WjmSToR3QoecgZNVZqNPrVfqnsVtw5yCrxclKGHPV+6as3iFkaoTRMUK27npsYP6PKcCZwWuylGhPKxnSIXUsljVD72fzUKTm3yoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPUzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2naEPwll9eJa1qxbuquA+X5dp1HkcBTuEMLsCDG6jBPdShCQyG8Ayv8OYI58V5dz4WrWtOPnMCf+B8/gDSfY10</latexit>

S2

<latexit sha1_base64="eGRx8awOura32QVG2gSfNhU987A=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8eI5iHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/VbT6g0j+WDGSfoR3QgecgZNVa6f+y5vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t6dV2qXeRxFOIJjOAUPrqAGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AHYmY14</latexit>

Y0
<latexit sha1_base64="16AK0wRpyfjAhIrockso/Awocc0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8eI5iHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbTS/WPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6dV2qXeRxFOIJjOAUPrqAGt1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AHaHY15</latexit>

Y1

<latexit sha1_base64="3i400Oud/fy7uA1s8c0oXwsVzi0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PEi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSw03P7ZUrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6fV2qXeRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AG0CY1g</latexit>

A0
<latexit sha1_base64="KUWWlsdWjaRc6s71EbmKQ0CCzwc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PEi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSw03P65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6fV2qXeRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AG1jY1h</latexit>

A1

<latexit sha1_base64="24O7MO9Uidz9u57ImgylBqolzPA=">AAACB3icbVDLSgMxFM34rPU16lKQYBFclRmpKK4K3bisaB/QGUomzbShmWRIMkIZZufGX3HjQhG3/oI7/8ZMO4i2HgicnHMv994TxIwq7Thf1tLyyuraemmjvLm1vbNr7+23lUgkJi0smJDdACnCKCctTTUj3VgSFAWMdIJxI/c790QqKvidnsTEj9CQ05BipI3Ut4+8eESvvAjpEUYsvc08LX5+jaxvV5yqMwVcJG5BKqBAs29/egOBk4hwjRlSquc6sfZTJDXFjGRlL1EkRniMhqRnKEcRUX46vSODJ0YZwFBI87iGU/V3R4oipSZRYCrzFdW8l4v/eb1Eh5d+SnmcaMLxbFCYMKgFzEOBAyoJ1mxiCMKSml0hHiGJsDbRlU0I7vzJi6R9VnXPq85NrVKvFXGUwCE4BqfABRegDq5BE7QABg/gCbyAV+vRerberPdZ6ZJV9ByAP7A+vgHBbZnV</latexit>

� : S ! C

<latexit sha1_base64="eGRx8awOura32QVG2gSfNhU987A=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8eI5iHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/VbT6g0j+WDGSfoR3QgecgZNVa6f+y5vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t6dV2qXeRxFOIJjOAUPrqAGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AHYmY14</latexit>

Y0
<latexit sha1_base64="16AK0wRpyfjAhIrockso/Awocc0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8eI5iHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbTS/WPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6dV2qXeRxFOIJjOAUPrqAGt1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AHaHY15</latexit>

Y1

<latexit sha1_base64="3i400Oud/fy7uA1s8c0oXwsVzi0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PEi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSw03P7ZUrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6fV2qXeRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AG0CY1g</latexit>

A0
<latexit sha1_base64="KUWWlsdWjaRc6s71EbmKQ0CCzwc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PEi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSw03P65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6fV2qXeRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AG1jY1h</latexit>

A1

<latexit sha1_base64="9qFsP4ioPIIvAfCHdBc6VuigLnk=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahgpRdUfRY8OKxov2QdinZNNuGJtklyQpl6a/w4kERr/4cb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYWV1b3yhulra2d3b3yvsHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8c3Mbz9RpVkkH8wkpr7AQ8lCRrCx0mMvHrHqfd897Zcrbs3NgJaJl5MK5Gj0y1+9QUQSQaUhHGvd9dzY+ClWhhFOp6VeommMyRgPaddSiQXVfpodPEUnVhmgMFK2pEGZ+nsixULriQhsp8BmpBe9mfif101MeO2nTMaJoZLMF4UJRyZCs+/RgClKDJ9Ygoli9lZERlhhYmxGJRuCt/jyMmmd17zLmnt3Uamf5XEU4QiOoQoeXEEdbqEBTSAg4Ble4c1Rzovz7nzMWwtOPnMIf+B8/gCi5I+S</latexit>

�(S0)
<latexit sha1_base64="9djbCmxKglPV2LZkKHM1yRb4WME=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahgpRdUfRY8OKxov2QdinZNNuGJtklyQpl6a/w4kERr/4cb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYWV1b3yhulra2d3b3yvsHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8c3Mbz9RpVkkH8wkpr7AQ8lCRrCx0mMvHrHqfd877Zcrbs3NgJaJl5MK5Gj0y1+9QUQSQaUhHGvd9dzY+ClWhhFOp6VeommMyRgPaddSiQXVfpodPEUnVhmgMFK2pEGZ+nsixULriQhsp8BmpBe9mfif101MeO2nTMaJoZLMF4UJRyZCs+/RgClKDJ9Ygoli9lZERlhhYmxGJRuCt/jyMmmd17zLmnt3Uamf5XEU4QiOoQoeXEEdbqEBTSAg4Ble4c1Rzovz7nzMWwtOPnMIf+B8/gCkaY+T</latexit>

�(S1)
<latexit sha1_base64="aDfIk9vxu5fPa4M35O3uN1AAW/s=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahgpTdUtFjwYvHivZD2qVk02wbmmSXJCuUpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H45uZ336iSrNIPphJTH2Bh5KFjGBjpcdePGLl+371vF8suRV3DrRKvIyUIEOjX/zqDSKSCCoN4VjrrufGxk+xMoxwOi30Ek1jTMZ4SLuWSiyo9tP5wVN0ZpUBCiNlSxo0V39PpFhoPRGB7RTYjPSyNxP/87qJCa/9lMk4MVSSxaIw4chEaPY9GjBFieETSzBRzN6KyAgrTIzNqGBD8JZfXiWtasW7rLh3tVL9IosjDydwCmXw4ArqcAsNaAIBAc/wCm+Ocl6cd+dj0Zpzsplj+APn8wel7o+U</latexit>

�(S2)
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Reducing transducers: tools 

World reductions: coarse-grains that keep the interface stays the same (equivalent to bisimulation). 

Isomorphic worlds: it is possible to reduce one into each other.  

<latexit sha1_base64="jXx2H2dwzwjF93fXVsEYY8/SVm0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8dIzAOSJcxOZpMhs7PLTK8QlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXkEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GdzO//cS1EbF6xEnC/YgOlQgFo2ilRqPv9ssVt+rOQVaJl5MK5Kj3y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NbPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqndVdR8uK7XrPI4inMApnIMHN1CDe6hDExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gDPdY1y</latexit>

S0
<latexit sha1_base64="HMEo5UGRlBy+RuuYRI1ACrzs/5U=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8dIzAOSJcxOepMhs7PLzKwQlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzUaPS9frniVt05yCrxclKBHPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPUzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa2LqndVdR8uK7XrPI4inMApnIMHN1CDe6hDExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDQ+Y1z</latexit>

S1
<latexit sha1_base64="nLrlhEaJ603r9pG4RYv3r8yVyGk=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xjw4jES84BkCbOT3mTI7OwyMyuEJZ/gxYMiXv0ib/6Nk2QPmljQUFR1090VJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WjmSToR3QoecgZNVZqNPrVfqnsVtw5yCrxclKGHPV+6as3iFkaoTRMUK27npsYP6PKcCZwWuylGhPKxnSIXUsljVD72fzUKTm3yoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPUzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2naEPwll9eJa1qxbuquA+X5dp1HkcBTuEMLsCDG6jBPdShCQyG8Ayv8OYI58V5dz4WrWtOPnMCf+B8/gDSfY10</latexit>

S2

<latexit sha1_base64="eGRx8awOura32QVG2gSfNhU987A=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8eI5iHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/VbT6g0j+WDGSfoR3QgecgZNVa6f+y5vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t6dV2qXeRxFOIJjOAUPrqAGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AHYmY14</latexit>

Y0
<latexit sha1_base64="16AK0wRpyfjAhIrockso/Awocc0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8eI5iHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbTS/WPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6dV2qXeRxFOIJjOAUPrqAGt1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AHaHY15</latexit>

Y1

<latexit sha1_base64="3i400Oud/fy7uA1s8c0oXwsVzi0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PEi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSw03P7ZUrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6fV2qXeRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AG0CY1g</latexit>

A0
<latexit sha1_base64="KUWWlsdWjaRc6s71EbmKQ0CCzwc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PEi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSw03P65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6fV2qXeRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AG1jY1h</latexit>

A1

<latexit sha1_base64="24O7MO9Uidz9u57ImgylBqolzPA=">AAACB3icbVDLSgMxFM34rPU16lKQYBFclRmpKK4K3bisaB/QGUomzbShmWRIMkIZZufGX3HjQhG3/oI7/8ZMO4i2HgicnHMv994TxIwq7Thf1tLyyuraemmjvLm1vbNr7+23lUgkJi0smJDdACnCKCctTTUj3VgSFAWMdIJxI/c790QqKvidnsTEj9CQ05BipI3Ut4+8eESvvAjpEUYsvc08LX5+jaxvV5yqMwVcJG5BKqBAs29/egOBk4hwjRlSquc6sfZTJDXFjGRlL1EkRniMhqRnKEcRUX46vSODJ0YZwFBI87iGU/V3R4oipSZRYCrzFdW8l4v/eb1Eh5d+SnmcaMLxbFCYMKgFzEOBAyoJ1mxiCMKSml0hHiGJsDbRlU0I7vzJi6R9VnXPq85NrVKvFXGUwCE4BqfABRegDq5BE7QABg/gCbyAV+vRerberPdZ6ZJV9ByAP7A+vgHBbZnV</latexit>

� : S ! C

<latexit sha1_base64="eGRx8awOura32QVG2gSfNhU987A=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8eI5iHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/VbT6g0j+WDGSfoR3QgecgZNVa6f+y5vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t6dV2qXeRxFOIJjOAUPrqAGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AHYmY14</latexit>

Y0
<latexit sha1_base64="16AK0wRpyfjAhIrockso/Awocc0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8eI5iHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbTS/WPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6dV2qXeRxFOIJjOAUPrqAGt1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AHaHY15</latexit>

Y1

<latexit sha1_base64="3i400Oud/fy7uA1s8c0oXwsVzi0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PEi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSw03P7ZUrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6fV2qXeRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AG0CY1g</latexit>

A0
<latexit sha1_base64="KUWWlsdWjaRc6s71EbmKQ0CCzwc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PEi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSw03P65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6fV2qXeRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AG1jY1h</latexit>

A1

<latexit sha1_base64="9qFsP4ioPIIvAfCHdBc6VuigLnk=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahgpRdUfRY8OKxov2QdinZNNuGJtklyQpl6a/w4kERr/4cb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYWV1b3yhulra2d3b3yvsHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8c3Mbz9RpVkkH8wkpr7AQ8lCRrCx0mMvHrHqfd897Zcrbs3NgJaJl5MK5Gj0y1+9QUQSQaUhHGvd9dzY+ClWhhFOp6VeommMyRgPaddSiQXVfpodPEUnVhmgMFK2pEGZ+nsixULriQhsp8BmpBe9mfif101MeO2nTMaJoZLMF4UJRyZCs+/RgClKDJ9Ygoli9lZERlhhYmxGJRuCt/jyMmmd17zLmnt3Uamf5XEU4QiOoQoeXEEdbqEBTSAg4Ble4c1Rzovz7nzMWwtOPnMIf+B8/gCi5I+S</latexit>

�(S0)
<latexit sha1_base64="9djbCmxKglPV2LZkKHM1yRb4WME=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahgpRdUfRY8OKxov2QdinZNNuGJtklyQpl6a/w4kERr/4cb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYWV1b3yhulra2d3b3yvsHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8c3Mbz9RpVkkH8wkpr7AQ8lCRrCx0mMvHrHqfd877Zcrbs3NgJaJl5MK5Gj0y1+9QUQSQaUhHGvd9dzY+ClWhhFOp6VeommMyRgPaddSiQXVfpodPEUnVhmgMFK2pEGZ+nsixULriQhsp8BmpBe9mfif101MeO2nTMaJoZLMF4UJRyZCs+/RgClKDJ9Ygoli9lZERlhhYmxGJRuCt/jyMmmd17zLmnt3Uamf5XEU4QiOoQoeXEEdbqEBTSAg4Ble4c1Rzovz7nzMWwtOPnMIf+B8/gCkaY+T</latexit>

�(S1)
<latexit sha1_base64="aDfIk9vxu5fPa4M35O3uN1AAW/s=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahgpTdUtFjwYvHivZD2qVk02wbmmSXJCuUpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H45uZ336iSrNIPphJTH2Bh5KFjGBjpcdePGLl+371vF8suRV3DrRKvIyUIEOjX/zqDSKSCCoN4VjrrufGxk+xMoxwOi30Ek1jTMZ4SLuWSiyo9tP5wVN0ZpUBCiNlSxo0V39PpFhoPRGB7RTYjPSyNxP/87qJCa/9lMk4MVSSxaIw4chEaPY9GjBFieETSzBRzN6KyAgrTIzNqGBD8JZfXiWtasW7rLh3tVL9IosjDydwCmXw4ArqcAsNaAIBAc/wCm+Ocl6cd+dj0Zpzsplj+APn8wel7o+U</latexit>

�(S2)
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Reducing transducers: tools 

World reductions: coarse-grains that keep the interface stays the same (equivalent to bisimulation). 

Isomorphic worlds: it is possible to reduce one into each other.  

Minimal worlds: all reductions are isomorphic to itself. 

<latexit sha1_base64="jXx2H2dwzwjF93fXVsEYY8/SVm0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8dIzAOSJcxOZpMhs7PLTK8QlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXkEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GdzO//cS1EbF6xEnC/YgOlQgFo2ilRqPv9ssVt+rOQVaJl5MK5Kj3y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NbPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqndVdR8uK7XrPI4inMApnIMHN1CDe6hDExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gDPdY1y</latexit>

S0
<latexit sha1_base64="HMEo5UGRlBy+RuuYRI1ACrzs/5U=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8dIzAOSJcxOepMhs7PLzKwQlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzUaPS9frniVt05yCrxclKBHPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPUzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa2LqndVdR8uK7XrPI4inMApnIMHN1CDe6hDExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDQ+Y1z</latexit>

S1
<latexit sha1_base64="nLrlhEaJ603r9pG4RYv3r8yVyGk=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xjw4jES84BkCbOT3mTI7OwyMyuEJZ/gxYMiXv0ib/6Nk2QPmljQUFR1090VJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WjmSToR3QoecgZNVZqNPrVfqnsVtw5yCrxclKGHPV+6as3iFkaoTRMUK27npsYP6PKcCZwWuylGhPKxnSIXUsljVD72fzUKTm3yoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPUzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2naEPwll9eJa1qxbuquA+X5dp1HkcBTuEMLsCDG6jBPdShCQyG8Ayv8OYI58V5dz4WrWtOPnMCf+B8/gDSfY10</latexit>

S2

<latexit sha1_base64="eGRx8awOura32QVG2gSfNhU987A=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8eI5iHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/VbT6g0j+WDGSfoR3QgecgZNVa6f+y5vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t6dV2qXeRxFOIJjOAUPrqAGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AHYmY14</latexit>

Y0
<latexit sha1_base64="16AK0wRpyfjAhIrockso/Awocc0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8eI5iHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbTS/WPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6dV2qXeRxFOIJjOAUPrqAGt1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AHaHY15</latexit>

Y1

<latexit sha1_base64="3i400Oud/fy7uA1s8c0oXwsVzi0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PEi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSw03P7ZUrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6fV2qXeRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AG0CY1g</latexit>

A0
<latexit sha1_base64="KUWWlsdWjaRc6s71EbmKQ0CCzwc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PEi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSw03P65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6fV2qXeRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AG1jY1h</latexit>

A1

<latexit sha1_base64="24O7MO9Uidz9u57ImgylBqolzPA=">AAACB3icbVDLSgMxFM34rPU16lKQYBFclRmpKK4K3bisaB/QGUomzbShmWRIMkIZZufGX3HjQhG3/oI7/8ZMO4i2HgicnHMv994TxIwq7Thf1tLyyuraemmjvLm1vbNr7+23lUgkJi0smJDdACnCKCctTTUj3VgSFAWMdIJxI/c790QqKvidnsTEj9CQ05BipI3Ut4+8eESvvAjpEUYsvc08LX5+jaxvV5yqMwVcJG5BKqBAs29/egOBk4hwjRlSquc6sfZTJDXFjGRlL1EkRniMhqRnKEcRUX46vSODJ0YZwFBI87iGU/V3R4oipSZRYCrzFdW8l4v/eb1Eh5d+SnmcaMLxbFCYMKgFzEOBAyoJ1mxiCMKSml0hHiGJsDbRlU0I7vzJi6R9VnXPq85NrVKvFXGUwCE4BqfABRegDq5BE7QABg/gCbyAV+vRerberPdZ6ZJV9ByAP7A+vgHBbZnV</latexit>

� : S ! C

<latexit sha1_base64="eGRx8awOura32QVG2gSfNhU987A=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8eI5iHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/VbT6g0j+WDGSfoR3QgecgZNVa6f+y5vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t6dV2qXeRxFOIJjOAUPrqAGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AHYmY14</latexit>

Y0
<latexit sha1_base64="16AK0wRpyfjAhIrockso/Awocc0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8eI5iHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbTS/WPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6dV2qXeRxFOIJjOAUPrqAGt1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AHaHY15</latexit>

Y1

<latexit sha1_base64="3i400Oud/fy7uA1s8c0oXwsVzi0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PEi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSw03P7ZUrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6fV2qXeRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AG0CY1g</latexit>

A0
<latexit sha1_base64="KUWWlsdWjaRc6s71EbmKQ0CCzwc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PEi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSw03P65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6fV2qXeRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AG1jY1h</latexit>

A1

<latexit sha1_base64="9qFsP4ioPIIvAfCHdBc6VuigLnk=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahgpRdUfRY8OKxov2QdinZNNuGJtklyQpl6a/w4kERr/4cb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYWV1b3yhulra2d3b3yvsHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8c3Mbz9RpVkkH8wkpr7AQ8lCRrCx0mMvHrHqfd897Zcrbs3NgJaJl5MK5Gj0y1+9QUQSQaUhHGvd9dzY+ClWhhFOp6VeommMyRgPaddSiQXVfpodPEUnVhmgMFK2pEGZ+nsixULriQhsp8BmpBe9mfif101MeO2nTMaJoZLMF4UJRyZCs+/RgClKDJ9Ygoli9lZERlhhYmxGJRuCt/jyMmmd17zLmnt3Uamf5XEU4QiOoQoeXEEdbqEBTSAg4Ble4c1Rzovz7nzMWwtOPnMIf+B8/gCi5I+S</latexit>

�(S0)
<latexit sha1_base64="9djbCmxKglPV2LZkKHM1yRb4WME=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahgpRdUfRY8OKxov2QdinZNNuGJtklyQpl6a/w4kERr/4cb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYWV1b3yhulra2d3b3yvsHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8c3Mbz9RpVkkH8wkpr7AQ8lCRrCx0mMvHrHqfd877Zcrbs3NgJaJl5MK5Gj0y1+9QUQSQaUhHGvd9dzY+ClWhhFOp6VeommMyRgPaddSiQXVfpodPEUnVhmgMFK2pEGZ+nsixULriQhsp8BmpBe9mfif101MeO2nTMaJoZLMF4UJRyZCs+/RgClKDJ9Ygoli9lZERlhhYmxGJRuCt/jyMmmd17zLmnt3Uamf5XEU4QiOoQoeXEEdbqEBTSAg4Ble4c1Rzovz7nzMWwtOPnMIf+B8/gCkaY+T</latexit>

�(S1)
<latexit sha1_base64="aDfIk9vxu5fPa4M35O3uN1AAW/s=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahgpTdUtFjwYvHivZD2qVk02wbmmSXJCuUpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H45uZ336iSrNIPphJTH2Bh5KFjGBjpcdePGLl+371vF8suRV3DrRKvIyUIEOjX/zqDSKSCCoN4VjrrufGxk+xMoxwOi30Ek1jTMZ4SLuWSiyo9tP5wVN0ZpUBCiNlSxo0V39PpFhoPRGB7RTYjPSyNxP/87qJCa/9lMk4MVSSxaIw4chEaPY9GjBFieETSzBRzN6KyAgrTIzNqGBD8JZfXiWtasW7rLh3tVL9IosjDydwCmXw4ArqcAsNaAIBAc/wCm+Ocl6cd+dj0Zpzsplj+APn8wel7o+U</latexit>

�(S2)
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Limitations of bisimulation 

Problem: bisimulation usually doesn’t have a global minima 
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Limitations of bisimulation 

Problem: bisimulation usually doesn’t have a global minima 

Reason: bisimulation can replace pairwisely identical states, but cannot compress redundancy  
                 between groups of three or more states… 
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Limitations of bisimulation 

Problem: bisimulation usually doesn’t have a global minima 

Reason: bisimulation can replace pairwisely identical states, but cannot compress redundancy  
                 between groups of three or more states… 

Solution: accept what you get, or embrace negative probabilities!



52

Generalised transducers 

A quasi-stochastic vector sums 1 but can have negative numbers. 

<latexit sha1_base64="1celSE7vVHe91093X8xUonznFW8=">AAACCnicbVDLSgMxFM3UV62vsS7dBItQoQ4ZsdWNUHDjsoJ9QDuUTJq2oZnMkGTEMvQP/Aa3unYnbv0Jl/6JaTsL23rgwuGcezmX40ecKY3Qt5VZW9/Y3Mpu53Z29/YP7MN8Q4WxJLROQh7Klo8V5UzQumaa01YkKQ58Tpv+6HbqNx+pVCwUD3ocUS/AA8H6jGBtpK6dj+ANLCKnUjpHjltCTvmsaxeQg2aAq8RNSQGkqHXtn04vJHFAhSYcK9V2UaS9BEvNCKeTXCdWNMJkhAe0bajAAVVeMvt9Ak+N0oP9UJoRGs7UvxcJDpQaB77ZDLAeqmVvKv7ntWPdv/YSJqJYU0HmQf2YQx3CaRGwxyQlmo8NwUQy8yskQywx0aauhRQ/mJhO3OUGVknjwnHLDrq/LFQraTtZcAxOQBG44ApUwR2ogTog4Am8gFfwZj1b79aH9TlfzVjpzRFYgPX1C1Jfl2Y=</latexit>

p = (0.6,�0.1, 0.5)
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Generalised transducers 

A quasi-stochastic vector sums 1 but can have negative numbers. 

Generalised transducers have quasi-stochastic states and transitions: 
<latexit sha1_base64="Z/wpBfuzUttX9WSNX4Gzwyyz3KU="></latexit>

Pr(y:t|a:t) = u| ·
⇣ tY

i=0

A(yi|ai)
i

⌘
· v
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Generalised transducers 

A quasi-stochastic vector sums 1 but can have negative numbers. 

Generalised transducers have quasi-stochastic states and transitions: 
<latexit sha1_base64="Z/wpBfuzUttX9WSNX4Gzwyyz3KU="></latexit>

Pr(y:t|a:t) = u| ·
⇣ tY

i=0

A(yi|ai)
i

⌘
· v

Theorem: generalised transducers can always be reduced up to a unique minimum!
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Generalised transducers 

A quasi-stochastic vector sums 1 but can have negative numbers. 

Generalised transducers have quasi-stochastic states and transitions: 

Limitation: substantial lack of interpretability, inability to sample, etc

<latexit sha1_base64="Z/wpBfuzUttX9WSNX4Gzwyyz3KU="></latexit>

Pr(y:t|a:t) = u| ·
⇣ tY

i=0

A(yi|ai)
i

⌘
· v

Theorem: generalised transducers can always be reduced up to a unique minimum!
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57

Interpretable models: what can agents learn? 

What makes a world model learnable? 

          1. Observable: world’s state is a (deterministic) function of the history, so  

          2. Unifilar: world state can be efficiently updated as  

<latexit sha1_base64="jXx2H2dwzwjF93fXVsEYY8/SVm0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8dIzAOSJcxOZpMhs7PLTK8QlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXkEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GdzO//cS1EbF6xEnC/YgOlQgFo2ilRqPv9ssVt+rOQVaJl5MK5Kj3y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NbPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqndVdR8uK7XrPI4inMApnIMHN1CDe6hDExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gDPdY1y</latexit>

S0
<latexit sha1_base64="HMEo5UGRlBy+RuuYRI1ACrzs/5U=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8dIzAOSJcxOepMhs7PLzKwQlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzUaPS9frniVt05yCrxclKBHPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPUzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa2LqndVdR8uK7XrPI4inMApnIMHN1CDe6hDExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDQ+Y1z</latexit>

S1
<latexit sha1_base64="nLrlhEaJ603r9pG4RYv3r8yVyGk=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xjw4jES84BkCbOT3mTI7OwyMyuEJZ/gxYMiXv0ib/6Nk2QPmljQUFR1090VJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WjmSToR3QoecgZNVZqNPrVfqnsVtw5yCrxclKGHPV+6as3iFkaoTRMUK27npsYP6PKcCZwWuylGhPKxnSIXUsljVD72fzUKTm3yoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPUzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2naEPwll9eJa1qxbuquA+X5dp1HkcBTuEMLsCDG6jBPdShCQyG8Ayv8OYI58V5dz4WrWtOPnMCf+B8/gDSfY10</latexit>

S2

<latexit sha1_base64="eGRx8awOura32QVG2gSfNhU987A=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8eI5iHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/VbT6g0j+WDGSfoR3QgecgZNVa6f+y5vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t6dV2qXeRxFOIJjOAUPrqAGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AHYmY14</latexit>

Y0
<latexit sha1_base64="16AK0wRpyfjAhIrockso/Awocc0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8eI5iHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbTS/WPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6dV2qXeRxFOIJjOAUPrqAGt1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AHaHY15</latexit>

Y1

<latexit sha1_base64="3i400Oud/fy7uA1s8c0oXwsVzi0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PEi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSw03P7ZUrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6fV2qXeRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AG0CY1g</latexit>

A0
<latexit sha1_base64="KUWWlsdWjaRc6s71EbmKQ0CCzwc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PEi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSw03P65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6fV2qXeRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AG1jY1h</latexit>

A1

<latexit sha1_base64="tgc7Jod+oCjRyFoD39cfr37V6gw=">AAACDXicbVDLSsNAFJ3UV62vqLhyM1iEurAkolgEoeCmy4r2AW0Jk+mkHTqThJkboYR+g9/gVtfuxK3f4NI/cfpY2NYDFw7n3Mu5HD8WXIPjfFuZldW19Y3sZm5re2d3z94/qOsoUZTVaCQi1fSJZoKHrAYcBGvGihHpC9bwB3djv/HElOZR+AjDmHUk6YU84JSAkTz76MEDfIuDQtuXuOKlN3Dujs48O+8UnQnwMnFnJI9mqHr2T7sb0USyEKggWrdcJ4ZOShRwKtgo1040iwkdkB5rGRoSyXQnnbw/wqdG6eIgUmZCwBP170VKpNZD6ZtNSaCvF72x+J/XSiAodVIexgmwkE6DgkRgiPC4C9zlilEQQ0MIVdz8immfKELBNDaX4suR6cRdbGCZ1C+K7lXRub/Ml0uzdrLoGJ2gAnLRNSqjCqqiGqIoRS/oFb1Zz9a79WF9Tlcz1uzmEM3B+voFWzSaXQ==</latexit>

St = f(H:t�1)
<latexit sha1_base64="A4DckdFZIUzpYAjxdj5IUDnY/BY=">AAACFnicbVDJSgNBEO2JW4zbqEdBGoMQUcKMKOYiRLx4jMQskoShp9NjmvQsdNcIYZibH+E3eNWzN/Hq1aN/Ymc5mMQHBY/3qqiq50aCK7CsbyOzsLi0vJJdza2tb2xumds7dRXGkrIaDUUomy5RTPCA1YCDYM1IMuK7gjXc/vXQbzwyqXgY3MEgYh2fPATc45SAlhxzv+okcGyn+BK3ewQSLy1UHTi513XlwJFj5q2iNQKeJ/aE5NEEFcf8aXdDGvssACqIUi3biqCTEAmcCpbm2rFiEaF98sBamgbEZ6qTjP5I8aFWutgLpa4A8Ej9O5EQX6mB7+pOn0BPzXpD8T+vFYNX6iQ8iGJgAR0v8mKBIcTDUHCXS0ZBDDQhVHJ9K6Y9IgkFHd3UFtdPdSb2bALzpH5atM+L1u1ZvlyapJNFe+gAFZCNLlAZ3aAKqiGKntALekVvxrPxbnwYn+PWjDGZ2UVTML5+AcclnmQ=</latexit>

St+1 = f̂(St, Yt, At)

<latexit sha1_base64="eGRx8awOura32QVG2gSfNhU987A=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8eI5iHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/VbT6g0j+WDGSfoR3QgecgZNVa6f+y5vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t6dV2qXeRxFOIJjOAUPrqAGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AHYmY14</latexit>

Y0
<latexit sha1_base64="16AK0wRpyfjAhIrockso/Awocc0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8eI5iHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbTS/WPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6dV2qXeRxFOIJjOAUPrqAGt1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AHaHY15</latexit>

Y1

<latexit sha1_base64="3i400Oud/fy7uA1s8c0oXwsVzi0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PEi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSw03P7ZUrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6fV2qXeRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AG0CY1g</latexit>

A0
<latexit sha1_base64="KUWWlsdWjaRc6s71EbmKQ0CCzwc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PEi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSw03P65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6fV2qXeRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AG1jY1h</latexit>

A1

<latexit sha1_base64="DiAy+AXCJesSgDRzJuLhxNXbhpg=">AAAB+XicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0eMIiSwIbPDLEyYx2Zm1oRs+ASvevZmvPo1Hv0TB9iDgJV0UqnqTndXlHBmrO9/e4WV1bX1jeJmaWt7Z3evvH/wZFSqCW0QxZVuRdhQziRtWGY5bSWaYhFx2oyGtxO/+Uy1YUo+2lFCQ4H7ksWMYOukh5uu3y1X/Ko/BVomQU4qkKPeLf90eoqkgkpLODamHfiJDTOsLSOcjkud1NAEkyHu07ajEgtqwmx66hidOKWHYqVdSYum6t+JDAtjRiJynQLbgVn0JuJ/Xju18XWYMZmklkoyWxSnHFmFJn+jHtOUWD5yBBPN3K2IDLDGxLp05rZEYuwyCRYTWCZPZ9Xgourfn1dql3k6RTiCYziFAK6gBndQhwYQ6MMLvMKbl3nv3of3OWstePnMIczB+/oFX/ST9w==</latexit>

B0
<latexit sha1_base64="wGjYSB1xNlxUCWUH/nrNTUEmcUg=">AAAB+XicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0eMIiSwIbPDLEyYx2Zm1oRs+ASvevZmvPo1Hv0TB9iDgJV0UqnqTndXlHBmrO9/e4WV1bX1jeJmaWt7Z3evvH/wZFSqCW0QxZVuRdhQziRtWGY5bSWaYhFx2oyGtxO/+Uy1YUo+2lFCQ4H7ksWMYOukh5tu0C1X/Ko/BVomQU4qkKPeLf90eoqkgkpLODamHfiJDTOsLSOcjkud1NAEkyHu07ajEgtqwmx66hidOKWHYqVdSYum6t+JDAtjRiJynQLbgVn0JuJ/Xju18XWYMZmklkoyWxSnHFmFJn+jHtOUWD5yBBPN3K2IDLDGxLp05rZEYuwyCRYTWCZPZ9Xgourfn1dql3k6RTiCYziFAK6gBndQhwYQ6MMLvMKbl3nv3of3OWstePnMIczB+/oFYYeT+A==</latexit>

B1
<latexit sha1_base64="LOA2bqZEegXtVmkS6t5yOs4u+DE=">AAAB+XicbVDLSgNBEOyNrxhfUY9eBoPgKewGX8egF48RzQOSJcxOZpMhM7PLzKwQlnyCVz17E69+jUf/xNlkDyaxoKGo6qa7K4g508Z1v53C2vrG5lZxu7Szu7d/UD48aukoUYQ2ScQj1QmwppxJ2jTMcNqJFcUi4LQdjO8yv/1MlWaRfDKTmPoCDyULGcHGSo+3/Vq/XHGr7gxolXg5qUCORr/80xtEJBFUGsKx1l3PjY2fYmUY4XRa6iWaxpiM8ZB2LZVYUO2ns1On6MwqAxRGypY0aKb+nUix0HoiAtspsBnpZS8T//O6iQlv/JTJODFUkvmiMOHIRCj7Gw2YosTwiSWYKGZvRWSEFSbGprOwJRBTm4m3nMAqadWq3mXVfbio1K/ydIpwAqdwDh5cQx3uoQFNIDCEF3iFNyd13p0P53PeWnDymWNYgPP1C2Mak/k=</latexit>

B2

“beleification”
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Interpretable models: what can agents learn? 

What makes a world model learnable? 

          1. Observable: world’s state is a (deterministic) function of the history, so  

          2. Unifilar: world state can be efficiently updated as  

How to create observable world models?  
—-> By switching the phase space from states to distributions (“beliefs”) 

<latexit sha1_base64="jXx2H2dwzwjF93fXVsEYY8/SVm0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8dIzAOSJcxOZpMhs7PLTK8QlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXkEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GdzO//cS1EbF6xEnC/YgOlQgFo2ilRqPv9ssVt+rOQVaJl5MK5Kj3y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NbPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqndVdR8uK7XrPI4inMApnIMHN1CDe6hDExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gDPdY1y</latexit>

S0
<latexit sha1_base64="HMEo5UGRlBy+RuuYRI1ACrzs/5U=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8dIzAOSJcxOepMhs7PLzKwQlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzUaPS9frniVt05yCrxclKBHPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPUzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa2LqndVdR8uK7XrPI4inMApnIMHN1CDe6hDExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDQ+Y1z</latexit>

S1
<latexit sha1_base64="nLrlhEaJ603r9pG4RYv3r8yVyGk=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xjw4jES84BkCbOT3mTI7OwyMyuEJZ/gxYMiXv0ib/6Nk2QPmljQUFR1090VJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WjmSToR3QoecgZNVZqNPrVfqnsVtw5yCrxclKGHPV+6as3iFkaoTRMUK27npsYP6PKcCZwWuylGhPKxnSIXUsljVD72fzUKTm3yoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPUzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2naEPwll9eJa1qxbuquA+X5dp1HkcBTuEMLsCDG6jBPdShCQyG8Ayv8OYI58V5dz4WrWtOPnMCf+B8/gDSfY10</latexit>

S2

<latexit sha1_base64="eGRx8awOura32QVG2gSfNhU987A=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8eI5iHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/VbT6g0j+WDGSfoR3QgecgZNVa6f+y5vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t6dV2qXeRxFOIJjOAUPrqAGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AHYmY14</latexit>

Y0
<latexit sha1_base64="16AK0wRpyfjAhIrockso/Awocc0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8eI5iHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbTS/WPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6dV2qXeRxFOIJjOAUPrqAGt1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AHaHY15</latexit>

Y1

<latexit sha1_base64="3i400Oud/fy7uA1s8c0oXwsVzi0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PEi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSw03P7ZUrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6fV2qXeRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AG0CY1g</latexit>

A0
<latexit sha1_base64="KUWWlsdWjaRc6s71EbmKQ0CCzwc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PEi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSw03P65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6fV2qXeRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AG1jY1h</latexit>

A1

<latexit sha1_base64="tgc7Jod+oCjRyFoD39cfr37V6gw=">AAACDXicbVDLSsNAFJ3UV62vqLhyM1iEurAkolgEoeCmy4r2AW0Jk+mkHTqThJkboYR+g9/gVtfuxK3f4NI/cfpY2NYDFw7n3Mu5HD8WXIPjfFuZldW19Y3sZm5re2d3z94/qOsoUZTVaCQi1fSJZoKHrAYcBGvGihHpC9bwB3djv/HElOZR+AjDmHUk6YU84JSAkTz76MEDfIuDQtuXuOKlN3Dujs48O+8UnQnwMnFnJI9mqHr2T7sb0USyEKggWrdcJ4ZOShRwKtgo1040iwkdkB5rGRoSyXQnnbw/wqdG6eIgUmZCwBP170VKpNZD6ZtNSaCvF72x+J/XSiAodVIexgmwkE6DgkRgiPC4C9zlilEQQ0MIVdz8immfKELBNDaX4suR6cRdbGCZ1C+K7lXRub/Ml0uzdrLoGJ2gAnLRNSqjCqqiGqIoRS/oFb1Zz9a79WF9Tlcz1uzmEM3B+voFWzSaXQ==</latexit>

St = f(H:t�1)
<latexit sha1_base64="A4DckdFZIUzpYAjxdj5IUDnY/BY=">AAACFnicbVDJSgNBEO2JW4zbqEdBGoMQUcKMKOYiRLx4jMQskoShp9NjmvQsdNcIYZibH+E3eNWzN/Hq1aN/Ymc5mMQHBY/3qqiq50aCK7CsbyOzsLi0vJJdza2tb2xumds7dRXGkrIaDUUomy5RTPCA1YCDYM1IMuK7gjXc/vXQbzwyqXgY3MEgYh2fPATc45SAlhxzv+okcGyn+BK3ewQSLy1UHTi513XlwJFj5q2iNQKeJ/aE5NEEFcf8aXdDGvssACqIUi3biqCTEAmcCpbm2rFiEaF98sBamgbEZ6qTjP5I8aFWutgLpa4A8Ej9O5EQX6mB7+pOn0BPzXpD8T+vFYNX6iQ8iGJgAR0v8mKBIcTDUHCXS0ZBDDQhVHJ9K6Y9IgkFHd3UFtdPdSb2bALzpH5atM+L1u1ZvlyapJNFe+gAFZCNLlAZ3aAKqiGKntALekVvxrPxbnwYn+PWjDGZ2UVTML5+AcclnmQ=</latexit>

St+1 = f̂(St, Yt, At)

<latexit sha1_base64="eGRx8awOura32QVG2gSfNhU987A=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8eI5iHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/VbT6g0j+WDGSfoR3QgecgZNVa6f+y5vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t6dV2qXeRxFOIJjOAUPrqAGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AHYmY14</latexit>

Y0
<latexit sha1_base64="16AK0wRpyfjAhIrockso/Awocc0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8eI5iHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbTS/WPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6dV2qXeRxFOIJjOAUPrqAGt1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AHaHY15</latexit>

Y1

<latexit sha1_base64="3i400Oud/fy7uA1s8c0oXwsVzi0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PEi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSw03P7ZUrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6fV2qXeRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AG0CY1g</latexit>

A0
<latexit sha1_base64="KUWWlsdWjaRc6s71EbmKQ0CCzwc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PEi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSw03P65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6fV2qXeRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AG1jY1h</latexit>

A1

<latexit sha1_base64="DiAy+AXCJesSgDRzJuLhxNXbhpg=">AAAB+XicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0eMIiSwIbPDLEyYx2Zm1oRs+ASvevZmvPo1Hv0TB9iDgJV0UqnqTndXlHBmrO9/e4WV1bX1jeJmaWt7Z3evvH/wZFSqCW0QxZVuRdhQziRtWGY5bSWaYhFx2oyGtxO/+Uy1YUo+2lFCQ4H7ksWMYOukh5uu3y1X/Ko/BVomQU4qkKPeLf90eoqkgkpLODamHfiJDTOsLSOcjkud1NAEkyHu07ajEgtqwmx66hidOKWHYqVdSYum6t+JDAtjRiJynQLbgVn0JuJ/Xju18XWYMZmklkoyWxSnHFmFJn+jHtOUWD5yBBPN3K2IDLDGxLp05rZEYuwyCRYTWCZPZ9Xgourfn1dql3k6RTiCYziFAK6gBndQhwYQ6MMLvMKbl3nv3of3OWstePnMIczB+/oFX/ST9w==</latexit>

B0
<latexit sha1_base64="wGjYSB1xNlxUCWUH/nrNTUEmcUg=">AAAB+XicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0eMIiSwIbPDLEyYx2Zm1oRs+ASvevZmvPo1Hv0TB9iDgJV0UqnqTndXlHBmrO9/e4WV1bX1jeJmaWt7Z3evvH/wZFSqCW0QxZVuRdhQziRtWGY5bSWaYhFx2oyGtxO/+Uy1YUo+2lFCQ4H7ksWMYOukh5tu0C1X/Ko/BVomQU4qkKPeLf90eoqkgkpLODamHfiJDTOsLSOcjkud1NAEkyHu07ajEgtqwmx66hidOKWHYqVdSYum6t+JDAtjRiJynQLbgVn0JuJ/Xju18XWYMZmklkoyWxSnHFmFJn+jHtOUWD5yBBPN3K2IDLDGxLp05rZEYuwyCRYTWCZPZ9Xgourfn1dql3k6RTiCYziFAK6gBndQhwYQ6MMLvMKbl3nv3of3OWstePnMIczB+/oFYYeT+A==</latexit>

B1
<latexit sha1_base64="LOA2bqZEegXtVmkS6t5yOs4u+DE=">AAAB+XicbVDLSgNBEOyNrxhfUY9eBoPgKewGX8egF48RzQOSJcxOZpMhM7PLzKwQlnyCVz17E69+jUf/xNlkDyaxoKGo6qa7K4g508Z1v53C2vrG5lZxu7Szu7d/UD48aukoUYQ2ScQj1QmwppxJ2jTMcNqJFcUi4LQdjO8yv/1MlWaRfDKTmPoCDyULGcHGSo+3/Vq/XHGr7gxolXg5qUCORr/80xtEJBFUGsKx1l3PjY2fYmUY4XRa6iWaxpiM8ZB2LZVYUO2ns1On6MwqAxRGypY0aKb+nUix0HoiAtspsBnpZS8T//O6iQlv/JTJODFUkvmiMOHIRCj7Gw2YosTwiSWYKGZvRWSEFSbGprOwJRBTm4m3nMAqadWq3mXVfbio1K/ydIpwAqdwDh5cQx3uoQFNIDCEF3iFNyd13p0P53PeWnDymWNYgPP1C2Mak/k=</latexit>

B2

“beleification”
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Interpretable models: what can agents learn? 

What makes a world model learnable? 

          1. Observable: world’s state is a (deterministic) function of the history, so  

          2. Unifilar: world state can be efficiently updated as  

How to create observable world models?  
—-> By switching the phase space from states to distributions (“beliefs”) 

Bayesian beliefs are unifilar and yield a transducer that generate the same interface!

<latexit sha1_base64="jXx2H2dwzwjF93fXVsEYY8/SVm0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8dIzAOSJcxOZpMhs7PLTK8QlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXkEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GdzO//cS1EbF6xEnC/YgOlQgFo2ilRqPv9ssVt+rOQVaJl5MK5Kj3y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NbPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqndVdR8uK7XrPI4inMApnIMHN1CDe6hDExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gDPdY1y</latexit>

S0
<latexit sha1_base64="HMEo5UGRlBy+RuuYRI1ACrzs/5U=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8dIzAOSJcxOepMhs7PLzKwQlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzUaPS9frniVt05yCrxclKBHPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPUzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa2LqndVdR8uK7XrPI4inMApnIMHN1CDe6hDExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDQ+Y1z</latexit>

S1
<latexit sha1_base64="nLrlhEaJ603r9pG4RYv3r8yVyGk=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xjw4jES84BkCbOT3mTI7OwyMyuEJZ/gxYMiXv0ib/6Nk2QPmljQUFR1090VJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WjmSToR3QoecgZNVZqNPrVfqnsVtw5yCrxclKGHPV+6as3iFkaoTRMUK27npsYP6PKcCZwWuylGhPKxnSIXUsljVD72fzUKTm3yoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPUzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2naEPwll9eJa1qxbuquA+X5dp1HkcBTuEMLsCDG6jBPdShCQyG8Ayv8OYI58V5dz4WrWtOPnMCf+B8/gDSfY10</latexit>

S2

<latexit sha1_base64="eGRx8awOura32QVG2gSfNhU987A=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8eI5iHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/VbT6g0j+WDGSfoR3QgecgZNVa6f+y5vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t6dV2qXeRxFOIJjOAUPrqAGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AHYmY14</latexit>

Y0
<latexit sha1_base64="16AK0wRpyfjAhIrockso/Awocc0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8eI5iHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbTS/WPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6dV2qXeRxFOIJjOAUPrqAGt1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AHaHY15</latexit>

Y1

<latexit sha1_base64="3i400Oud/fy7uA1s8c0oXwsVzi0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PEi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSw03P7ZUrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6fV2qXeRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AG0CY1g</latexit>

A0
<latexit sha1_base64="KUWWlsdWjaRc6s71EbmKQ0CCzwc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PEi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSw03P65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6fV2qXeRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AG1jY1h</latexit>

A1

<latexit sha1_base64="tgc7Jod+oCjRyFoD39cfr37V6gw=">AAACDXicbVDLSsNAFJ3UV62vqLhyM1iEurAkolgEoeCmy4r2AW0Jk+mkHTqThJkboYR+g9/gVtfuxK3f4NI/cfpY2NYDFw7n3Mu5HD8WXIPjfFuZldW19Y3sZm5re2d3z94/qOsoUZTVaCQi1fSJZoKHrAYcBGvGihHpC9bwB3djv/HElOZR+AjDmHUk6YU84JSAkTz76MEDfIuDQtuXuOKlN3Dujs48O+8UnQnwMnFnJI9mqHr2T7sb0USyEKggWrdcJ4ZOShRwKtgo1040iwkdkB5rGRoSyXQnnbw/wqdG6eIgUmZCwBP170VKpNZD6ZtNSaCvF72x+J/XSiAodVIexgmwkE6DgkRgiPC4C9zlilEQQ0MIVdz8immfKELBNDaX4suR6cRdbGCZ1C+K7lXRub/Ml0uzdrLoGJ2gAnLRNSqjCqqiGqIoRS/oFb1Zz9a79WF9Tlcz1uzmEM3B+voFWzSaXQ==</latexit>

St = f(H:t�1)
<latexit sha1_base64="A4DckdFZIUzpYAjxdj5IUDnY/BY=">AAACFnicbVDJSgNBEO2JW4zbqEdBGoMQUcKMKOYiRLx4jMQskoShp9NjmvQsdNcIYZibH+E3eNWzN/Hq1aN/Ymc5mMQHBY/3qqiq50aCK7CsbyOzsLi0vJJdza2tb2xumds7dRXGkrIaDUUomy5RTPCA1YCDYM1IMuK7gjXc/vXQbzwyqXgY3MEgYh2fPATc45SAlhxzv+okcGyn+BK3ewQSLy1UHTi513XlwJFj5q2iNQKeJ/aE5NEEFcf8aXdDGvssACqIUi3biqCTEAmcCpbm2rFiEaF98sBamgbEZ6qTjP5I8aFWutgLpa4A8Ej9O5EQX6mB7+pOn0BPzXpD8T+vFYNX6iQ8iGJgAR0v8mKBIcTDUHCXS0ZBDDQhVHJ9K6Y9IgkFHd3UFtdPdSb2bALzpH5atM+L1u1ZvlyapJNFe+gAFZCNLlAZ3aAKqiGKntALekVvxrPxbnwYn+PWjDGZ2UVTML5+AcclnmQ=</latexit>

St+1 = f̂(St, Yt, At)

<latexit sha1_base64="9AsH39oBUrb2hOjq2nuVZf+jdiU="></latexit>

bt+1(st+1) =
1

Z

X

st

p(yt, st+1|at, st)bt(st),

<latexit sha1_base64="eGRx8awOura32QVG2gSfNhU987A=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8eI5iHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/VbT6g0j+WDGSfoR3QgecgZNVa6f+y5vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+i6t6dV2qXeRxFOIJjOAUPrqAGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AHYmY14</latexit>

Y0
<latexit sha1_base64="16AK0wRpyfjAhIrockso/Awocc0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8eI5iHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbTS/WPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6dV2qXeRxFOIJjOAUPrqAGt1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AHaHY15</latexit>

Y1

<latexit sha1_base64="3i400Oud/fy7uA1s8c0oXwsVzi0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PEi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSw03P7ZUrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6fV2qXeRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AG0CY1g</latexit>

A0
<latexit sha1_base64="KUWWlsdWjaRc6s71EbmKQ0CCzwc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PEi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSw03P65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6fV2qXeRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AG1jY1h</latexit>

A1

<latexit sha1_base64="DiAy+AXCJesSgDRzJuLhxNXbhpg=">AAAB+XicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0eMIiSwIbPDLEyYx2Zm1oRs+ASvevZmvPo1Hv0TB9iDgJV0UqnqTndXlHBmrO9/e4WV1bX1jeJmaWt7Z3evvH/wZFSqCW0QxZVuRdhQziRtWGY5bSWaYhFx2oyGtxO/+Uy1YUo+2lFCQ4H7ksWMYOukh5uu3y1X/Ko/BVomQU4qkKPeLf90eoqkgkpLODamHfiJDTOsLSOcjkud1NAEkyHu07ajEgtqwmx66hidOKWHYqVdSYum6t+JDAtjRiJynQLbgVn0JuJ/Xju18XWYMZmklkoyWxSnHFmFJn+jHtOUWD5yBBPN3K2IDLDGxLp05rZEYuwyCRYTWCZPZ9Xgourfn1dql3k6RTiCYziFAK6gBndQhwYQ6MMLvMKbl3nv3of3OWstePnMIczB+/oFX/ST9w==</latexit>

B0
<latexit sha1_base64="wGjYSB1xNlxUCWUH/nrNTUEmcUg=">AAAB+XicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0eMIiSwIbPDLEyYx2Zm1oRs+ASvevZmvPo1Hv0TB9iDgJV0UqnqTndXlHBmrO9/e4WV1bX1jeJmaWt7Z3evvH/wZFSqCW0QxZVuRdhQziRtWGY5bSWaYhFx2oyGtxO/+Uy1YUo+2lFCQ4H7ksWMYOukh5tu0C1X/Ko/BVomQU4qkKPeLf90eoqkgkpLODamHfiJDTOsLSOcjkud1NAEkyHu07ajEgtqwmx66hidOKWHYqVdSYum6t+JDAtjRiJynQLbgVn0JuJ/Xju18XWYMZmklkoyWxSnHFmFJn+jHtOUWD5yBBPN3K2IDLDGxLp05rZEYuwyCRYTWCZPZ9Xgourfn1dql3k6RTiCYziFAK6gBndQhwYQ6MMLvMKbl3nv3of3OWstePnMIczB+/oFYYeT+A==</latexit>

B1
<latexit sha1_base64="LOA2bqZEegXtVmkS6t5yOs4u+DE=">AAAB+XicbVDLSgNBEOyNrxhfUY9eBoPgKewGX8egF48RzQOSJcxOZpMhM7PLzKwQlnyCVz17E69+jUf/xNlkDyaxoKGo6qa7K4g508Z1v53C2vrG5lZxu7Szu7d/UD48aukoUYQ2ScQj1QmwppxJ2jTMcNqJFcUi4LQdjO8yv/1MlWaRfDKTmPoCDyULGcHGSo+3/Vq/XHGr7gxolXg5qUCORr/80xtEJBFUGsKx1l3PjY2fYmUY4XRa6iWaxpiM8ZB2LZVYUO2ns1On6MwqAxRGypY0aKb+nUix0HoiAtspsBnpZS8T//O6iQlv/JTJODFUkvmiMOHIRCj7Gw2YosTwiSWYKGZvRWSEFSbGprOwJRBTm4m3nMAqadWq3mXVfbio1K/ydIpwAqdwDh5cQx3uoQFNIDCEF3iFNyd13p0P53PeWnDymWNYgPP1C2Mak/k=</latexit>
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Minimal predictive models 

Let’s build equivalence classes of histories where                                if and only if  

These are the states of the “e-transducer”. 
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:t�1,at:t+T ), 8yt:t+L,at:t+L, L 2 N.
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Minimal predictive models 

Let’s build equivalence classes of histories where                                if and only if  

These are the states of the “e-transducer”. 

Findings: 

          1. It is the minimal bisimulation of the Funes transducer  

          2. It is a transducer. 

          3. It is the minimal bisimulation of *any* predictive world model that generates the interface. 

          4. Thus, it is the minimal predictive world model that generates the interface. 
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Minimal predictive models 

Let’s build equivalence classes of histories where                                if and only if  

These are the states of the “e-transducer”. 

Findings: 

          1. It is the minimal bisimulation of the Funes transducer  

          2. It is a transducer. 

          3. It is the minimal bisimulation of *any* predictive world model that generates the interface. 

          4. Thus, it is the minimal predictive world model that generates the interface. 
  

Conclusion 1: agents with same interface but beliefs in different world models still share  
                        the e-transducer. 
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Minimal predictive models 

Let’s build equivalence classes of histories where                                if and only if  

These are the states of the “e-transducer”. 

Findings: 

          1. It is the minimal bisimulation of the Funes transducer  

          2. It is a transducer. 

          3. It is the minimal bisimulation of *any* predictive world model that generates the interface. 

          4. Thus, it is the minimal predictive world model that generates the interface. 
  

Conclusion 1: agents with same interface but beliefs in different world models still share  
                        the e-transducer. 

Conclusion 2: the e-transducer contains all the predictive information about the world  
                         that is learnable from the interface.
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What have we learned? 

•   The class of world models that can be used to simulate a given agent’s 
interface is surprisingly rich. 
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What have we learned? 

•   The class of world models that can be used to simulate a given agent’s 
interface is surprisingly rich. 

•   There exists a fundamental trade-off between computational 
efficiency and interpretability of world models. 

•   Bayesian belief updating is the most efficient world model that an 
agent can compute for itself.
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Contents

1. Hierarchical emergence

2. World modelling

3. Abstractions

4. Ideas to take home
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A cybernetic-inspired approach to world modelling 

Cybernetics: very ambitious research programme to explain intelligent behaviour. 

Lost momentum but planted seeds to many disciplines (control theory, AI, cognitive science…) 
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A cybernetic-inspired approach to world modelling 

Cybernetics: very ambitious research programme to explain intelligent behaviour. 

Lost momentum but planted seeds to many disciplines (control theory, AI, cognitive science…) 

Some good ideas: 

— Principle of requisite variety: a controller needs at least the same diversity as what its target 

— Good regulator theorem: a good controller needs a model of its target 

Ashby, W. R. (1958). "Requisite variety and its implications for the control of complex systems." Cybernetica, 1(2), 83-99. 

Conant & Ashby (1970). "Every good regulator of a system must be a model of that system." International Journal of Systems Science, 1(2), 89–97.

https://www.linkedin.com/pulse/clarifying-good-regulator-theorem-through-rosens-modeling-lissack-6aqtf/
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A cybernetic-inspired approach to world modelling 

Cybernetics: very ambitious research programme to explain intelligent behaviour. 

Lost momentum but planted seeds to many disciplines (control theory, AI, cognitive science…) 

Some good ideas: 

— Principle of requisite variety: a controller needs at least the same diversity as what its target 

— Good regulator theorem: a good controller needs a model of its target 

Interesting question:  
To what degree an agents’ beliefs need to reflect  

structural properties of their environments
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Key idea: “Emergence matching” 

Exploring the conditions under which physical processes with hierarchical structure give rise  
to hierarchical beliefs.

Rosas (2025). Symmetries at the origin of hierarchical emergence. arXiv preprint arXiv:2512.00984.

Physical process World models
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Symmetry and emergence? 

Geometric Deep Learning and Reinforcement Learning (2021) 
AMMI Seminar - Elise van der Pol (UvA)



73

Past
Future

Invariant dynamics 
—> symmetric  
initial conditions  
lead to same future

Symmetry and emergence? 

Past
Future

Equivariant dynamics  
—> symmetric  
initial conditions  
lead to symmetric futures 

Examples: particle exchangeability, left-right symmetry, etc
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Symmetry as sufficient for hierarchical emergence 

Theorem: if Markov process is dynamically equivariant  
                   —> orbits are informationally closed

Rosas (2025). Symmetries at the origin of hierarchical emergence. arXiv preprint arXiv:2512.00984.
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Example: Hopfield networks 

Physical systems with equivariant dynamics have macroscopic levels that are informationally-closed. 

Neural dynamics: 

Invariances: Mattis magnetisation 

—> Mattis Magnetisation is informationally closed!
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Example: Hopfield networks 

Physical systems with equivariant dynamics have macroscopic levels that are informationally-closed. 
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Compositionality is reflected in partial order!
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Multi-level Bayesian belief updating 

Consider a process with equivariant dynamics and also measurements. 

Theorem: Symmetry in (i) transitions and (ii) observations guarantees that Bayesian beliefs  
                    can be updated at multiple levels of resolution. 

ωG

Micro-level

Macro-level V0, V1, . . . , Vt

Y0, Y1, . . . , Yt

εG !G

bt bt+1

b→t b→t+1

Process Measurement Belief updating

Coarse-grained beliefs —> Abstractions!
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Example: Multi-level belief updating in Ehrenfest diffusion 
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Exact Bayesian updating on large systems is possible!!
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Current work: Thermodynamic reinforcement learning 

The Ehrenfest control problem: 

Xt = (0, 0, 1, 0, 1, . . . , 1)

Zt =
∑

Xk
t n→ Zt

zz → 10 z + 1 n
···
···

···
···
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• An agent can push particles between chambers. 

• Is rewarded for moving particles to a “good” 
chamber. 

• Can choose to perceive and control at micro or 
macro levels.
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Current work: Thermodynamic reinforcement learning 

The Ehrenfest control problem: 

Xt = (0, 0, 1, 0, 1, . . . , 1)

Zt =
∑

Xk
t n→ Zt

zz → 10 z + 1 n
···
···

···
···
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q(z+1)
n1→ q 1→ q 1→ q 1→ q 1→ q
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Time
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a)

b)

• An agent can push particles between chambers. 

• Is rewarded for moving particles to a “good” 
chamber. 

• Can choose to perceive and control at micro or 
macro levels.

For large systems micro-level 
control is unfeasible!
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•   Hierarchical emergence takes place when there are levels of a system 
that are informationally or computationally autonomous. 

Why hierarchical emergence is cool? 

1. For the system: Enables decoupled levels with their own 
    logic, which are amenable to efficient controllability. 

2. For the researcher: Allow for effective theories and  
    efficient simulations.

Computational 
       engine

Data

A. Computational reconstruction B. Multi-scale characterisation C.  Computational
          blueprint

Macro-scale 

Meso-scale

coarse-graining

coarse-graining

Micro-scale

Micro patterns Micro engine

Meso engine

Macro engine

Macro

Meso

Micro
Meso patterns

Macro patterns

Observed
 patterns

Ideas to take home 
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•   World modelling corresponds to auxiliary processes that explain 
interfaces (i.e. perception-action loops). 

❖ A given interface accepts many alternative 
world models. 

❖ There is an intrinsic efficiency-vs- interpretability 
tradeoff 

❖ Bayesian belief updating is the most efficient 
world model accessible for an agent.

Ideas to take home 
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•   Dynamical equivariance establishes a correspondence between 
hierarchical emergence and abstractions within belief updating. 

❖ Allows exact Bayesian inference in large systems. 

❖ Lead to scalable approaches for RL in partially observable scenarios…

Ideas to take home 

ωG

Micro-level

Macro-level V0, V1, . . . , Vt

Y0, Y1, . . . , Yt

εG !G

bt bt+1

b→t b→t+1

Process Measurement Belief updating
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•   Our current work is about combining these ideas with compositionality, 
and using them in reinforcement learning settings. 

Ideas to take home 

Boyd et al. (2025). “From monoliths to modules: Decomposing transducers for efficient world modelling”. arXiv preprint arXiv:2512.02193. 
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Thank you!

Contact information:  Fernando E. Rosas 

f.rosas@sussex.ac.uk


