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Solomonoff Induction Exercises April 7, 2026

Setup and Definitions

For more setup and definitions, see the corresponding post on Solomonoff induction.

A semiprobability distribution over a finite set X’ is a function @ : X — [0, 1] with
Q2) > 0 and Y, cp Qo) < 1

A semimeasure over infinite binary sequences is a function v : {0,1}* — [0,1] with
v(e) <1 and v(z) > v(z0) + v(xl) for all z € {0,1}*. A semimeasure is a measure if
equality holds for both equations.

The universal a priori distribution M is a lower semicomputable semimeasure, which
can be written in the form

M(z<n) = Y Puyp(v)v(z<n) (1)
VEMsol

for all finite strings x<,, where M, is the set of all lower semicomputable semimeasures
and P,y (v) is the a priori probability of v.

With v;,7 = 1,2,... an effective enumeration of all lower semicomputable discrete
semimeasures and the Solomonoff prior P,,(i) = 275 there also exist two con-
stants 0 < ¢ < C such that

¢ Pa(i)vi(z<n) < M(z<n) < C+ Y Pogi(i)vi(z<n). (2)
€N €N

Problem 1

Let P be a probability distribution over X and ) be a semiprobability distribution over
the same set. The Kullback—Leibler (KL) divergence from P to @ is defined as

Dxi(P 1| Q)= P(a) P)

zeEX :L’)

where we use the conventions Oln% =0 for any ¢ > 0, and pln% = oo for p > 0.


https://www.lesswrong.com/posts/HSDumToH57nSRdLST/a-technical-introduction-to-solomonoff-induction-without-k

Now let (X,Y) be a pair of random variables taking values in X x ), and let P and @ be
two joint distributions over (X,Y) (with @ only being a semiprobability distribution).
Define the conditional KL divergence as

D (P(Y | X) | QY | X)) =Y P(x)Y Ply|z)ln (I)

zeX yey

Show that the KL divergence satisfies the chain rule:

DxL(P(X,Y) | Q(X,Y)) = Dxi(P(X) | QX)) + Dxu(P(Y | X) || Q(Y | X)).

We expand the joint KL divergence using P(x,y) = P(z)P(y | ) and Q(z,y) =
Q(z)Q(y | x):
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= Do (P(X) | Q(X)) + Do (P(Y | X) | Q(Y | X)).

Problem 2

Let P be a joint probability distribution over random variables X7, ..., X, taking values
in X1 x---x X, and let Q be a semiprobability distribution over the same set of variables.
Using the notation X := (X1,..., Xk_1), show by induction on n (using the result of
Problem 1) that

Dk (P(X1, ..., Xa) | Q(X1,..., X ZDKL (Xe | Xo) | Q(Xe | Xt)),

where P(X | X<1) := P(X1) and similarly for Q.



We prove this by induction on n.

Base case (n = 1): The sum reduces to Dxy,(P(X1) || @(X1)), which is just the
left-hand side.

Induction step (n—1 — n): Apply the chain rule from Problem 1 with X = X_,,
and Y = X,,:

DKL(P(Xl7 X)) | Q(X, ... ,Xn))
= D1 (P(X<n) || Q(X<n)) + D (P(Xn | X<n) || Q(Xp | X<n)).

By the induction hypothesis, the first term satisfies

Dx1(P(X<n) || Q(X<n)) ZDKL (Xe | X<t) || Q(Xe | X<t))-

Combining both gives

DxL(P(X1,..., Xn) || Q(X1,..., X ZDKL (Xi | X<o) | Q(Xe | X<t))-
Problem 3
Show that for all z > 0,
1
1 >1——.
n() 21 .

Hint: Consider the function f(z) = In(z) — 1+ 1 and show that it attains its global
minimum at z = 1.

Define f(z) =1In(z) — 1+ 1. We want to show f(z) > 0 for all z > 0. We have

f'(z)zl_izg
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Thus f'(z) < 0 for z € (0,1) and f’(z) > 0 for z > 1, so f has a global minimum
at z = 1. Since
f(1)=In(1) —1+1=0,

we conclude f(z) >0 for all z >0, ie., In(z) > 1 —1.




Problem 4

Let P be a probability distribution over B = {0,1} and let @ be a semiprobability
distribution over B. Write pg = P(0), p1 = P(1) =1 —1po, g0 = Q(0), 1 = Q(1). We

want to show that
> (Q) T<) P
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i) Show that the inequality holds whenever Q(z) = 0 for some x € B.
Hint: Distinguish the cases P(z) > 0 and P(x) = 0, and use Problem 3 for the latter.

ii) Assuming qo, q1 > 0, show that it suffices to prove the inequality for the case go+¢q1 =
1, i.e., when @ is a full probability distribution.

Hint: Define F(qo,q1) := po ln ¢ +p1 ln — (g0 — po)? — (q1 — p1)? and show that F is
decreasing in ¢;.

iii) Now assume ¢ + g1 = 1. Show that
p1
1 —qo

Po
2(po — q0)* < poIn . +p1ln
and observe this finishes the proof.

Hint: Define g(qop) as the right-hand side minus the left-hand side, compute ¢'(qo), and
use that go(1 — qo) < }1.

Part (i): If P(z) > 0 and Q(z) = 0 for some z € B, then the right-hand side
contains the term P(z)In ~—~ Pla) _ = 400, so the inequality holds trivially.

If P(z) =0 and Q(z) =0 for some zx, then that x contributes 0 to both sides
(using the convention Olng = 0). The other value 2/ # z has P(2’) = 1 and
Q(z") <1, so the inequality reduces to

1
Z)—=1)2<In .
Q@) ~ 1 <t
By Problem 3 applied to z = ( 7y, We get In Q( = Q(z'). Since 1 —Q(2') €
[0, 1], we have (1 — Q(z"))? < (') <In 57 Q(m,).

Part (ii): Define
L Po b1 2 2
F(qo,q1) -—poln% +'pllna — (90 —p0)” — (@1 — p1)~.

We want to show F(qo,q1) > 0. We compute

oF D1
= =2 _9
oq q1 ((h )




This has no real roots as a function of ¢: setting it to zero gives 2¢7 —2p1q1 +p1 =
0, whose discriminant is 4p; (p; —2) < 0. Since gTi = —1 < 0, the derivative
is strictly negative for all g1 > 0.

Thus F' is decreasing in g;. For any semiprobability distribution with go +q1 < 1,
increasing ¢q; to 1 — o only decreases F':

‘th =p1

F(qo0,q1) > F(qo,1 — qo)-

So it suffices to show F(go,1 — qp) > 0.

Part (iii): Setting ¢; = 1 — qo, we have (g0 — po)? + (¢1 — p1)? = 2(q0 — po)?, so
we need to show

Po P1
9lgo) =poln’ +prln g —2(po — 0)* >0

q0
for all gg € (0,1). Differentiating:
/ Po P1 1
g(q) =——+——+4(po—q) = (g —p [—4]-
(q0) o (po — o) = (90 — po) o =)

Since qo(1 —qp) < %, the bracket is non-negative. Thus ¢'(¢gp) < 0 for gg < pp and
d'(q0) > 0 for gp > po, so g has a global minimum at gy = pg. Since g(po) = 0, we
conclude g(gqo) > 0 for all go € (0,1).

Problem 5

Let u be any lower semicomputable measure (!) on binary sequences, and assume it
generates our actual universe. Let M be the Solomonoff mixture distribution.

Define the cumulative expected prediction error of predicting sequences sampled by u
via M as:

S=3" N plwa) Y (M | wer) — plae | <))’

t=1 x<t€1|¥* it €B

Show that
St < —1In Pop(p).

Hint: Apply Problem 4 to each summand to pass from squared error to KL divergence,
then make the infinite sum explicit as a limit of finite sums up to n, then use Problem 2
to telescope the KL divergences, and finally use the mixture representation of M.



For each t and x4, the conditional u(- | x<¢) is a probability distribution over B
(since p is a measure), while M (- | z<;) is a semiprobability distribution over B.
Thus, by Problem 4:

Z (M(xt | T<t) — p(zy | ~T<t))2 < Z w(xy | T<t) IHM

z:€B z.€B M (x| w<t)
Thus:
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= #LH;O;DKL(M(Xt | X<o) | M(X; | X<i)),

where the inner sum over x; weighted by u(x<;) gives exactly the conditional
KL divergence. By Problem 2 (the telescoped chain rule), this equals

. . pu(z<p)
l’L < B —_—
St < nh_)n;o Dir(n(X1, .. Xn) | M(X1, ..., Xn)) nan;ox gEBn w(xr<y)In M)’
<n -

Now, since pu € My, the mixture representation gives

M(z<n) = Z Pop(V)v(z<n) = Pap(p)p(z<n).
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Therefore A’j[(é i”)) < Papl(u)’ and so
1
14 < 3 — . 1 = —
Sho < lim Y ji(z<n) In P ~ R Fer(u) - lim > w(@<n) = —1In Pop(p),
T<n T<ln
_ - 1

where >, u(z<n) =1 since p is a measure.

Problem 5’

Under the same setup as Problem 5, show that there exists a constant x € R (independent
of p) such that
St < K(u)In2+ &,

where K (p) := min{K (i) : v; = p} is the Kolmogorov complexity of p (minimized over
all indices ¢ in the effective enumeration from the setup that give rise to u).



Hint: Follow the same strategy as Problem 5, but instead of the mixture representation
Equation (1), use the lower bound M(xz<y) > ¢- >, Psoi(i) vi(2<y) from Equation (2),
together with Py, (i) = 2~ K@),

The proof follows the same steps as Problem 5 up to the KL divergence expression:

m : N(xﬁn)

T<n

Now, by Equation (2), we have
M(z<n) > ¢ Y P viwsn) 2 ¢ Poa(i*) plz<n),
ieN

where ¢* is any index with v;+ = p. Therefore A‘}((Z i")) <zp 1l ) and so

1
St < lim Zu(xgn) In =—Inc—InPyu(i*) = —lnc+ K(i*) In2,

nyoo £ ¢« Pgoi(i*)

using Py (i*) = 2750 and >z, MT<n) = 1. Since this holds for every i* with
vi+ = 1, we may take the minimum over all such indices to obtain

St < K(u)In2+ &k,

where Kk = —Inec.

Interpretation

Problems 5 and 5’ show that the cumulative expected prediction error S is finite. Since
S% is a sum of non-negative terms, this immediately implies that the per-step expected
prediction error

di= Y ploa) Y (M| 2<r) — plar | 5<0))’

<t EB* i €B

converges to zero as t — co. In other words, M’s predictions become indistinguishable
from u’s predictions on average over histories.



