
Exercise sheet 2

March 18, 2026

The following are exercises on condensation and natural latents. Each problem is broken
into a sequence of lemmas leading to a main theorem. For each subquestion, try to
prove the stated lemma before reading on. If you get stuck, you may treat the
lemma as given and proceed to the next part.

Setup

Let X1, . . . , Xn be observable random variables with index set I “ t1, . . . , nu. We write P`I for
the set of all non-empty subsets of I.

Latent Variable Model (LVM).
A latent variable model over X1, . . . , Xn is a collection of latent variables pYAqAPP`I , where YA is
indexed by a non-empty subset A Ď I. The index A indicates which observables YA contributes to.
Latent variables that are constant (carrying no information) are omitted. We require the latent
variable model condition: each Xi is exactly recoverable from YQi “ pYA : i P Aq, the collection of
all latent variables above i.

Condensation.
For a latent variable model pYAqAPP`I , define the conditioned score for a non-empty subset A Ď I
as

χpAq “
ÿ

BXA‰H

HpYB | YĄBq,

where YĄB “ pYC : C ⊋ Bq denotes the latent variables strictly above B. The conditioned score
satisfies χpAq ě HpXAq always.
We say that pYAqAPP`I is an ε-approximate condensation of X1, . . . , Xn if

χpAq ď HpXAq ` ε, @A P P`I.

A perfect condensation is a 0-approximate condensation, i.e. χpAq “ HpXAq for all A.

Strong and Weak Natural Latents.
Recall from Exercise Sheet 1 that an ε-approximate (strong) natural latent Λ over X1, . . . , Xn

satisfies:

• Mediation: MedpΛq “
řn

i“1 HpXi | Λq ´ HpX1, . . . , Xn | Λq ď ε

• Strong redundancy: HpΛ | Xiq ď ε for all i P I

We say Λ is an ε-approximate weak natural latent over X1, . . . , Xn if it satisfies mediation and the
following weaker redundancy condition:

• Weak redundancy: HpΛ | XIztiuq ď ε for all i P I,

where XIztiu “ pXj : j ‰ iq denotes all observables except Xi. That is, Λ can be recovered from
all-but-one of the observables, rather than from any single one.
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Exercise 1

Part 1(a).
Suppose we have an ε-approximate condensation pYAqAPP`I of X1, . . . , Xn. Fix a non-empty
subset A Ď I. We construct a candidate weak natural latent over pXiqiPA as follows:

• Define Λ “ pYB : B X A ‰ H, |B X A| ě 2q, i.e. the collection of all latent variables that
contribute to at least two observables in A.

• For each i P A, define Y 1
tiu “ pYB : B X A “ tiuq, i.e. the collection of all latent variables

whose only overlap with A is the single index i.

Show that for each i P A, Xi is a deterministic function of pΛ, Y 1
tiuq, and use this to conclude that

HpXi | Λq ď HpY 1
tiu | Λq. (1)

Hint: Use the latent variable model condition, and consider what YQi looks like in relation to Λ
and Y 1

tiu

Part 1(b).
Show that

ÿ

iPA

HpY 1
tiu | Λq ´ ε ď HpXAq ´ HpΛq ď HpXA | Λq. (2)

Hint: For the leftmost inequality, proceed in two steps:

1. Show that
ř

iPA HpY 1
tiu | Λq ` HpΛq ď χLpAq by expanding HpΛq and each HpY 1

tiu | Λq via
the chain rule. In each case, use the fact that conditioning can only reduce entropy.

2. Apply the definition of ε-approximate condensation to bound χLpAq, then rearrange.

Part 1(c).
Using (1) and (2), show that the mediation error of Λ is bounded by ε:

MedpΛq “
ÿ

iPA

HpXi | Λq ´ HpXA | Λq ď ε.

Exercise 2

Part 2(a).
For any non-empty subset B Ď I, let YXB “ pYC : C Ď B, C ‰ Hq denote the collection of all
latent variables whose index set is contained within B. Assume the following bound (Proposition
5.2 in the condensation paper):

HpYXBq ď χLpBq.

Using this and the definition of ε-approximate condensation, show that

HpYXB | XBq ď ε.

Hint: Use the fact that XB is a deterministic function of YXB (by the latent variable model con-
dition).

Part 2(b).
Using Part 2(a), show that Λ satisfies weak redundancy, i.e.

HpΛ | XAztiuq ď ε, @i P A.
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Hint: Set B “ Aztiu in Part 2(a), and consider the relationship between Λ and YXpAztiuq.

Remark.
Combining the mediation bound from Exercise 1(c) with the weak redundancy bound from Part
2(b), we have shown that the construction Λ “ pYB : BXA ‰ H, |BXA| ě 2q is an ε-approximate
weak natural latent over pXiqiPA. That is, any ε-approximate condensation of X1, . . . , Xn gives
rise to an ε-approximate weak natural latent over any subset of the observables.

Exercise 3

Setup.
Given an ε-approximate condensation pYBqBPP`I satisfying χLpBq ď HpXBq ` ε for all B, fix a
subset A Ď I and define:

• Λ “ YĚA “ pYB : B Ě Aq, the collection of all latent variables whose index set contains A.

• Λ1 “ pYB : B X A ‰ H, |B| ě 2, B ⊉ Aq, the collection of non-singleton latent variables
that partially overlap with A but do not contain it.

• Λ˚ “ pΛ,Λ1q, the combined latent variable.

Assume additionally that HpΛ1 | Λq ď ε, meaning there is approximately no lower-level structure
among the variables in A beyond what is captured by Λ.
The goal of this exercise is to show that Λ is an pn ` 1qε-approximate strong natural latent over
pXiqiPA.

Strong Redundancy

Part 3(a).
Show that Λ satisfies strong redundancy:

HpΛ | Xiq ď ε, @i P A.

Hint: Recall Part 2(b).

Mediation

Part 3(b).
Show that for any random variable Z,

HpZ | Λq ď HpZ | Λ˚q ` HpΛ˚ | Λq. (1)

Hint: Write HpZ,Λq ď HpZ,Λ,Λ˚q, expand using chain rule.

Part 3(c).
Argue that

HpXA | Λ˚q ď HpXA | Λq. (2)

Part 3(d).
Using (1) and (2) together with the assumption HpΛ1 | Λq ď ε and the fact that Λ˚ is an ε-
approximate weak natural latent (from Exercise 2), show that Λ satisfies mediation:

MedpΛq “
ÿ

iPA

HpXi | Λq ´ HpXA | Λq ď pn ` 1qε.
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Exercise 4

Setup.
Given an ε-approximate natural latent Λ over pXiqiPA, we construct a latent variable model
pYBqBPP`A by setting:

• YA “ Λ

• Ytiu “ Xi for each i P A

• All other latent variables empty (constant)

The goal of this exercise is to show that this construction yields a 2ε-approximate condensation
over pXiqiPA.

Part 4(a).
Show that the conditioned score satisfies

χpAq ď HpXA,Λq ` ε.

Hint: Use the mediation property of Λ

Part 4(b).
Using Part 4(a), show that the construction is a 2ε-approximate condensation, i.e.

χpAq ď HpXAq ` 2ε,

Hint: Use the strong redundancy property of Λ.
Remark.
Both the mediation and strong redundancy properties of Λ transfer to any subset B Ă A. There-
fore, the same argument applies with A replaced by B throughout, and we obtain the same 2ε
bound on the conditioned score.

Exercise 5 (More difficult)

Setup.
A hierarchical natural latent model formalises the idea that knowledge can be organised into a
nested hierarchy of concepts: at the base level we have observables, at the next level we have
natural latents that summarise shared information within small groups of observables, and at
higher levels we have natural latents that summarise shared information across those groups, and
so on. For example, individual images of cats and dogs are the observables; the features shared
within each species (“cat-features”, “dog-features”) form first-order latents; and the features shared
across all animals form a second-order latent.

Formally, we define a sequence of partitions Q0, Q1, . . . , Qn of I, where:

• Q0 “ ttiu : i P Iu is the finest partition (singletons).

• Qn “ tIu is the coarsest partition (all of I).

• Qk´1 is a refinement of Qk for each k: every block of Qk´1 is contained in a block of Qk.

We then define
R “ tΛk

A : A P Qk, k P 0 . . . nu,
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where Λ0
tiu “ Xi are the observables, Λ1

A is an ε-approximate natural latent over pXiqiPA for each

A P Q1, and Λk
A is an ε-approximate natural latent over pΛk´1

B qBĂA,BPQk´1 for each A P Qk, k ě 1.

For B R Qk but B P Qr for some r ą k, we define Λk
B “ pΛk

C : C Ă B,C P Qkq.

We further require the conditional independence condition: for each k and each B P Qk, Λk´1
B is

conditionally independent of Λk´1
B̄

given Λk
B (where B̄ denotes the complement of B within the

next block up).

To construct an LVM from R, set YA “ Λk
A for all Λk

A P R, and leave all other latent variables
empty. The goal of this exercise is to show that this LVM is an approximate condensation.

Part 5(a).
Prove the following lemma: for each level k,

ÿ

BPQk

ÿ

CĂB

HpΛk´1
C | Λk

Bq ď HpΛk´1
I | Λk

I q ` Kε,

where K is a constant depending on the partition structure.
Hint: Use the conditional independence condition to show that HpΛk´1

B | Λk
Bq “ HpΛk´1

B | Λk
I q.

Use the mediation property of Λk
B over pΛk´1

C qCĂB to bound
ř

CĂB HpΛk´1
C | Λk

Bq; remember that
Qk forms a partition.

Remark. For any subset A Ď I, an analogous version of the lemma holds with I replaced by XA
(restricting all variables and partitions to those that contribute to A):

ÿ

BPQk, BXA‰H

ÿ

CĂB,CXA‰H

HpΛk´1
C | Λk

Bq ď HpΛk´1
XA | Λk

XAq ` Kε.

This holds because mediation transfers to subsets.

Part 5(b).
Using Part 5(a) and its subset version, show that for any A Ď I, the conditioned score satisfies

χpAq ď HpΛk
XA, k “ 0 . . . nq ` K2ε.

Hint: Note that Λk
XA is an approximate deterministic function of Λk´1

XA which means HpZ|Λk
XA,Λ

k´1
XA q «

HpZ|Λk´1
XA q

Part 5(c).
Using Part 5(b), show that

χpAq ď HpXAq ` K3ε,

concluding that the LVM constructed from R is a K3ε-approximate condensation.
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